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Abstract

Morse-Bott functions generalize Morse functions, permitting the critical
points of a function to form submanifolds, rather than being isolated. In
fact, many natural maps are Morse-Bott, thanks to symmetries. In this
thesis, we develop the Morse-Bott homology of a Morse-Bott function
and show that this homology is isomorphic to the singular homology.
We apply this method to make computations towards the homology of
the special orthogonal groups, SO(n).
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Chapter 1

Introduction

Morse theory provides a way to compute the singular homology of a smooth
manifold using a smooth function with isolated critical points, called Morse
function. Morse-Bott functions is a generalization of Morse functions, per-
mitting the critical points to form submanifolds. In this thesis, we develop
a way to compute the singular homology of a manifold using a Morse-Bott
function, following Banyaga and Hurtubise’s construction in [1].

We then use the developed theory to compute the homology of the special
orthogonal group, SO(n). We define the Morse-Bott function f : SO(n) — R
defined by f(X) = X, (the lower-right coordinate). This function has two
critical submanifolds, each diffeomorphic to SO(n — 1). In particular, we
show that the short sequence

0 = He(SO(2n — 1)) = Hi(SO(2n)) = Hi_2ni1(SO(2n — 1)) — 0.

is exact (Theorem 3.18). In addition, we show a recursive formula for the
mod 2 homology of SO(n) (Theorem 3.23):

H(SO(n); Z2) = Hy(SO(n — 1)) & Hy_p11(SO(n — 1))

Overview

Morse-Bott Homology

Let B be a topological space. For every integer k > 0, the k'’-homology
group H(B) is an abelian group that is a topological invariant of B. Roughly
speaking, the rank of Hy(B) measures the number of k-dimensional holes.

There are multiple ways to compute the homology groups of a topological
space B. In all cases, the process is similar: For every integer k > 0, we
associate an abelian group Ci, which is derived from B in some way. Then,



for every k, we define a linear map 9 : Cx — Cy_; such that
doad: Cr — Cir_n

is the zero map for every k > 0. This pair (C.,9) is called a chain complex.
The homology groups of the chain complex (C,,d) are defined as

L ker (8 :Cr — Ck—l)
Hy(Ce,d) == 7 (0:Cr — Ce1)

The most generic homology theory is the singular homology. In this case, we
define AF € R¥1, the k-dimensional simplex, to be k-dimensional polygon
whose vertices are

v = (1,0,...,0), v1 = (0,1,0,...,0),...,0%41 = (0,...,0,1)

and call a continuous map ¢ : A¥ — B a singular chain of degree k. We define
Sk(B) to be the free abelian group generated by all singular chains of degree
k. The boundary operator 9 : Sg(B) — Si_1(B) is defined on generators by

k41 _
A0) =Y (-1 0l 5w

i=1

where [v1,...,0;,...,0k,1] is the face of Ak containing all vertices except v;.
For more details about singular homology, see Chapter 2 of [2].

If M is a compact orientable manifold, one can use Morse homology to
compute the homology groups of M. A smooth function f : M — R is called
Morse if in local coordinates, the Hessian matrix

Hess. (/) = ddj])] (x)

of every critical point
x € Crit(f) :=={x e M | df, =0}

has full rank. In this case, we define the index of x € Crit(f) to be the
number of negative eigenvalues of Hessy(f) and set By to be the set of all
critical points of index k. Given a metric g on M, we define ¢;(x) to be the
flow of —V f. Then, we define Ci(f) to be the free abelian group generated
by By, and we define 8 : C¢(f) — Ci_1(f) on generators by

ap)= ), nlp.9)

q€Biy

where, informally speaking, n(p, q) counts the signed number of flow lines
from p to g. The Morse homology theorem states that (Ci(f),9) is a chain
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complex whose homology is the same as the singular homology and, in
particular, does not depend on the function f. Some references for Morse
homology include [3], [4], [5] and [6].

The Kupka-Smale theorem [7, Theorem 3.1] states that the set of Morse
functions is dense in the space of all smooth functions. In particular, every
smooth function can be perturbed to a Morse function. However, in some
cases, a natural function might not be Morse, and some properties of the
functions might be lost in perturbation. For example, consider the two
dimensional torus T? = RR?/Z? with coordinates induced from R?. Let
f: T? = R be defined by f(x,y) = cos27x. Then the critical points of f are

Crit(f) = {(x,y) cT? | x:O,;}

which is not an isolated set. This function is invariant under the R-action
t-(x,y) — (x,y +t), but no Morse function is invariant under this action.

Another example, which is discussed in detail in Chapter 3 of this thesis and
was taken from Section 5 of [8], is the function f : SO(n) — R, defined by
f(X) = Xun (the lower-right coordinate of X). In this case, Crit(f) consists
of two copies of SO(n —1).

A generalization of a Morse function, called a Morse-Bott function, is a
function f : M — R such that Crit(f) is not a discrete set, but rather a finite
union of submanifolds of M, and the non-degeneracy condition is replaced
by a similar condition (Definition 2.1).

There are few different approaches for Morse-Bott homology, all described in
detail in [9]. In addition to perturbing the function, cascade lines can also be
used to compute the Morse-Bott homology of f. More details on cascades
can be found in [10].

The approach we have chosen to focus on this thesis is rather different. In this
approach, a chain complex (C.(B;),dp) is assigned to each index of critical
points, and a map

9j: C(Bi) = Ciyj1(Biry)

is defined for every j = 1,...,m and k = 0,...,m. The chain complex
(Ck(f),0) is then defined by



and 9 = @9, : Cc(f) = Ci_1(f). The complex can be pictured as follows:

~ 0, A 0 A i) N
C3(Bo) —O> CQ(B()) —0> C](B()) —0> Co(B()) — 0

C(f) —2— Cof) —2— Ci(f) —2— Co(f) —2— 0

An early development of Morse-Bott theory can be found in [11], where
Austin and Braam used differential forms to construct Morse-Bott cohomol-
ogy, and showed that it is isomorphic to the De Rham cohomology. Other
approaches can also be found in [12], [13], [14], [15], [1], and [16]. In this
thesis, we focus on the approach of Banyaga and Hurtubise in [1].

In [1], Banyaga and Hurtubise define the singular N-cube homology, where
Cy is defined to be the set of all k-faces of IV (for some N large enough),
and the group Si(B) is generated by all continuous maps ¢ : P — B and
P € Cy. Then, the subgroup Dy(B) C Si(B) of degenerate singular N-cube
chains is defined by some degeneracy conditions, described in Definition
2.10. The chain complex (Se¢(B)/De(B),9) is called the singular N-cube chain
complex and its homology groups are shown to be isomorphic to the singular
homology.

For the boundary maps 9; : C,(B;) — Cpj_1(B;_;), a construction named
fibered product is utilized. Given maps o; : P, — B (i = 1,2), the fibered
product of 07 and 07 is defined as

Py Xg 8o, P2 i={(x,y) € L x P, | o1(x) = o2(y) }.

If M(B;, B;_ ]-) is the space of all piecewise gradient flow lines from B; to B;_ i
and o o

e_: M(Bi, Bi,]') — B, ey : M(Bi, Bi,]') — Bi,]'
are the beginning and endpoints maps of the piecewise gradient flow lines,
one can describe

A

p XUp,Bi,e, m(B\i/ Bifj) =P XBi M(Bi, B\i,]-)



as the space of all possible ways to get from P to Bi_j through op : P — B;.
Therefore, if op is a smooth singular chain, 9;(cp) is defined to be the singular
chain

aj(U'p) : P Xgl_ H(Bi, Bi,]‘) E} M(Bi, Bi,]') €—+> Bi,]'.
Then, S;’f(l@i) is defined to be the free abelian group generated by smooth
maps op : P — B; where P is a p-face of I", but dj(op) is also added as

generators of S;"H,l(éi—j), SO

9j: SP(Bi) = S5 1(Bi )
is well-defined.

Afterwards, the subgroup of degenerate singular chains Dyoco(B;) is defined
by some degeneracy conditions, including the conditions for degenerate
singular N-cube chains, but also for identifying d;(cp) with a smooth singular
N-cube chain. The chain complex (Ci(B;),dy) is defined by

Ce(Bi) =S¥ (B;)/ D (By)
and
do : S¢(Bi) — Sp24(B))
is (—1)k times the boundary operator defined on smooth singular N-cube

chains. Then, it is shown that (Ci(f),9) is a chain complex whose homology
does not depend on f (Theorem 2.44).

If f: M — R is a constant function (Example 2.40), then By = M and
B; = @ for i > 0. The chain complex (C(f),d) is then the smooth version of
the singular N-cube chain complex, whose homology is isomorphic to the
singular homology.

On the other hand, if f : M — R is a Morse-Smale function (Example 2.41),
then the chain complex (Ci(f),0) is the Morse-Smale chain complex, and
therefore the homology of (Ci(f),d) is isomorphic to the Morse homology.
Hence, since the homology is independent of the function, Theorem 2.44
gives another proof of the Morse homology theorem.

Orthogonal Groups

The orthogonal group consists of all matrices of size n x n whose rows are unit
vectors, orthogonal to each other. Formally,

O(n) := {X € Myxn (R) | XX' = I,}

where I, is the identity matrix. The special orthogonal group is the subgroup
of all orthogonal matrices with determinant 1. That is,

SO(n) == {X € O(n) | detX =1}.



O(n) has two connected components, each homeomorphic to SO(n). Thus,
computing the homology groups of SO(n) gives also the homology groups
of O(n) by

He(O(n)) = He(SO(n)) © He(SO(n)).

In Chapter 3 we compute the homology groups of SO(n). We apply the
system defined in Chapter 2 with methods from [8]. As in [8], we define the
Morse-Bott function f : M — R, f(X) = X, which takes the lower-right
coordinate of X. The function has two critical submanifolds with indices
0 and n — 1 denoted by Fy and F,_; respectively, each diffeomorphic to
SO(n —1). Therefore, one can compute the homology groups of SO(n)
recursively using the Morse-Bott complex of f.

The idea for the computations is inspired by Section 5 of [8]. We first show
that the space M (F,_1, Fy) is diffeomorphic to SO(n — 1) x S"~2. Using this
identification, the beginning and endpoint maps e_, e satisfy

e_(X,v) =e_(X,—v), ex(X,v) =e4(X,—0)

for X € SO(n — 1) and v € S"~2. Then, for every cycle ¢ € Cp(Fy—1), we find
a p-dimensional CW-complex P/, a map
0 P x g2 B b gpne2 L p
and a cycle 0’ € S, 2 (P’ x $"72) such that ¢.(¢0’) = 9,-1(c’). We then
show that
@t Hpsna(P' X $"%) = Hpin_a(Fo)

is the zero map if n is even (or with Z, coefficients) and therefore, (9,—1)« :
Hy(F,-1) = Hpyu—2(F) is the zero map on homology. Using this fact, we
get our results.

Our main result is Theorem 3.18, which gives the short exact sequence
0 — Hy(SO(2n —1)) — Hg(SO(2n)) — Hi_2,41(SO(2n —1)) — 0.

Although it might be possible to deduce this short exact sequence from
other computations of the homology groups of SO(#n), such as in [17] and [2,
Chapter 3D], this is the first time the short exact sequence is written explicitly.

In addition, we compute the mod 2 homology groups of SO(n). Theorem
3.23 states that

Hk(SO(TZ)}Zz) = Hk(SO(l’l — 1);22) D Hk_n+1(SO(Tl — 1),‘22).

This theorem is already known. Our proof is very similar to the one in [8,
Section 5], where they used the same Morse-Bott function but with different
Morse-Bott system. Hatcher [2, Theorem 3D.1] gives another proof using cell
structures, and [18, Theorem 3] provides a proof using Morse functions.



Structure Of The Thesis

In Chapter 2 we construct Banyaga and Hurtubise’s Morse-Bott system, as
described in [1]. We start in Section 2.1, in which we define a Morse-Bott
function and state the required transversality conditions. These requirements
are fulfilled in most cases, including the constant function, Morse-Smale
functions, and the function discussed in Section 3.3.

In Section 2.2 we construct the framework we later use for the boundary
operator dp. We start in Subsection 2.2.1, where we formalize a singular
topology framework, of which the singular homology is a special case. In
Subsections 2.2.2 and 2.2.3, we define the N-cube singular homology using
the singular homology framework. In Subsections 2.2.4 and 2.2.5, we extend
the boundary operator to fibered products and compactificated moduli spaces
as well.

We define our chain complex in Section 2.3. The chain complex consists of
smooth maps from spaces defined in Section 2.2. We also add degeneracy
conditions in Subsection 2.3.4 and define the Morse-Bott homology in Subsec-
tion 2.3.5. In Section 2.4 we prove that the homology of the chain complex is
independent on the choice of the function, and in particular isomorphic to the
singular homology. In the last section in Chapter 2, we define the Morse-Bott
homology with coefficients in a field, and show that it is isomorphic to the
singular homology with the same coefficients.

In Chapter 3, we use the Morse-Bott-Smale chain complex defined in Chapter
2 to compute the homology groups of SO(n). To our knowledge, this is
the first application of this Morse-Bott theory. Section 3.1 is dedicated for
linear Morse-Bott functions on SO(n), of which our function f(X) = X, is
a special case. In Section 3.2 we define the mapping cone, and show that
the chain complex of simple Morse-Bott functions (that is, only two critical
submanifolds) can be described as a mapping cone. In Section 3.3 we put
everything together to compute the homology groups of SO(n).

Further Directions

In this thesis we computed the homology groups of SO(2n) using the homol-
ogy groups of SO(2n — 1). However, the odd case is not discussed in this
thesis at all. Computing the homology groups of SO(2n — 1) is a natural con-
tinuation of this thesis. In addition, the framework and ideas we developed
might be applicable for other cases as well, like the unitary group U (n).

Another possible direction is trying to soften the transversality condition.
Currently, there are Morse-Bott functions (Example 2.7) which cannot meet
the required transversality conditions under any Riemannian metric.



Chapter 2

Morse-Bott Functions

2.1 Morse-Bott Functions and Transversality

In this section we define a Morse-Bott function. Then, we define the stable
and unstable manifolds of a critical submanifold, and state the transversality
conditions required for these manifolds. The stable and unstable manifolds
are key parts of defining the flow lines and boundary maps later. The section
follows Section 3 of [1] closely.

Let (M, g) be an m-dimensional compact Riemannian manifold and f €
C®(M). We call Crit(f) := {p € M| df, = 0} the set of critical points of f.
Assume now that Crit(f) = | Ji_; B; is a finite union of connected manifolds
B; of M, called critical submanifolds. Let B be a critical submanifold. Note that
df|z = 0 and B is connected, so f is constant on B.

For every p € B, the tangent space T, M splits to the tangent space in B and
vp(B) (the normal bundle of B in M at p). i.e.

T,M = T,B @ v,(B).

The normal bundle of B is defined as

vi(B) = J vp(B)

pEB
and is a vector bundle of rank (m — dim B) of B [19, Proposition 2.16].
The Hessian of f at p € M is the symmetric bilinear form
Hess,(f) : T,M x T,M — R

that is defined by Hess,,(f)(V,W) =V - (W - f), where W is any extension
of Wto M. If V € T,,B, then

Hess, (f)(W, V) = Hess,(f)(V,W) =V - (W-f)‘p =0



2.1. Morse-Bott Functions and Transversality

because W - f ]q = 0 for every q € B. Therefore Hess,(f) reduces to a
symmetric bilinear form:

Hess) (f) : vp(B) x v4(B) = R,
which is called the normal Hessian of f at p.

Definition 2.1 f: M — R is called Morse-Bott if Crit(f) is a disjoint union of
connected submanifolds of M and Hess,, is non-degenerate for every critical
submanifold B C Crit(f) and p € B.

We can generalize Morse lemma to critical submanifolds:

Theorem 2.2 (Morse-Bott Lemma) [20, Theorem 2] Let f : M — R be Morse-
Bott. Then for every critical submanifold B C Crit(f) and p € B, there is a local
chart (U, ¢) around p such that

fO)=f(B) == —xftady + o 2y
where i + j = dimv,(B). Such a chart is called a Morse-Bott chart of p.

We call Ap := i the index of p and denote A}, := j. The index A, can be also
described as the number of negative eigenvalues of Hess,(f). Since A, and
)\;‘, are constant on a Morse-Bott chart and B is connected, A, and A;; are
constant on B. Hence, we can define indices for B as

Api=Ap, Ap =A%

for some p € B. In addition, Morse-Bott Lemma induces a local splitting of
the normal bundle v, (B) to

v«(B) = v, (B) & v/ (B)
where v (B) and v, (B) are defined in a Morse-Bott chart U as

- ) ) _ 0 0
V, (B) —Spal’l{axl,---/axi}/ Vy (B) _Span{axi+1""’axi+j}'

Definition 2.3 Let f : M — R be Morse-Bott. A pseudo-gradient on M is a
vector field X € T'(TM) satisfying:

e For every p € Crit(f) there is a Morse-Bott chart U around p so that
X =-Vf.

* For every g € M\ Crit(f), (X f)[, <0.
Observe that for every p € M
(=VA)(p)- f = dfp(=Vf) = (VF(p), (=VA)(p)) = = [VF(P)]" <0

and (—Vf)(p)-f = 0if and only if Vf(p) = 0. That is, p € Crit(f).
Therefore, —V f is a pseudo-gradient.



2.1. Morse-Bott Functions and Transversality

Definition 2.4 Fix a pseudo-gradient X. Let ¢; be the flow of X (note that
¢ is defined for all time because M is compact). We define the stable and
unstable manifolds of p € Crit(f) the same way as for Morse functions:

Wi (p) = {v € M fim gu(x) = p}

Wi(p) = {x € M| tim g1(x) = p
And for a critical submanifold B € Crit(f):

Wi(B) = |J Wi(p)
pEB

w*(B) = |J W"(p)
pEB

Theorem 2.5 [11, Proposition 3.2] There are smooth injective immersions

E":v}f(B) = M
and

E":v, (B)— M
with W*(B) and W*(B) as their images.
In addition, there are smooth endpoint maps

er:W%(B) = Bande_ : W*(B) — B

given by ex (x) = lim;_, 1o @¢(x) which have the structure of a locally trivial fiber

bundle when restricted to a neighborhood of B.

We say that the pair (f, X) consists of a Morse-Bott function f : M — R
and a pseudo-gradient X is Morse-Bott-Smale if W"(p) and W*(B’) intersect
transversely for every two critical submanifolds B, B’ C Crit(f) and p € B.
We say that f is Morse-Bott-Smale if (f, —V f) is a Morse-Bott-Smale pair.

If f is a Morse function, then —V f can always be approximated by a pseudo-
gradient X such that (f, X) is a Morse-Smale pair [21, Theorem A]. However,
there exist Morse-Bott functions that are not Morse-Bott-Smale with respect
to any Riemannian metric, or any gradient-like vector field (see Example 2.7).

If f: M — R is Morse-Bott-Smale, then the space
W(B,B") := W"(B) th W*(B')

is a submanifold, as it is a transverse intersection of two manifolds. We
denote b = dim B, b’ = dim B’. Then

dim W*(B) = b + Ap,

10



2.2. Topological Chains and Fibered Products

dimW*(B') = b + Ay =m — Ap,
and if W(B,B’) # @, then dim W(B,B’) = Ap — Ap + b.
A Morse-Bott function is called weakly self-indexing if for every pair of critical

submanifolds B # B’ such that Ag < Ap, W(B,B') = @, i.e. the index is
strictly decreasing along flow lines.

Lemma 2.6 Let f : M — R be Morse-Bott-Smale. Then f is weakly self-indexing
[1, Lemma 3.6].

Proof Let B, B’ be critical submanifolds such that W(B, B') # @. Then there
isx € B, W(x,B') := W"(x) N W?(B") # @. By transversality,

dimW(x,B') = Ap+m — Ay —m = Ag — Aj.

Take y € W(x,B’). Then for every t € R, ¢:(y) € W(x,B’) and hence
dim W(x, B") > 1since t — ¢;(y) is an injective immersion of R into W(x, B).
Thus,

Ap — Ay = dimW(x,B) > 1
so f is weakly self-indexing. O
The next example is adapted from [15, Remark 2.4].

Example 2.7 (Morse-Bott function that is not Morse-Bott-Smale) Let M =
T? = R?/(271Z)? be the two-dimensional torus with the parametrization
induced from R? and let f : M — R be

f(x,y) = —(2+ cos2x)(1 + cosy).

Then f has Biop := {(x,77)|0 < x < 277} as a critical submanifold of index 1,
which means By, consists of local maxima, since dim B;,;, = 1; two saddle
points, (71/2,0) and (377/2,0), and two local minima, (0,0) and (7,0).

Let p = (71/2,0). Since dim W*(p) = 1, there is an x # p in W*(p). Take
g :=lim; . o ¢¢(x) € Biop. Then W¥(q) N W*(p) = {¢:(y) | t € R} # @ and
in particular,

W (Boy) N W (p) # @,

But A, = A, and therefore f is not weakly self-indexing, and hence, not
Morse-Bott-Smale.

2.2 Topological Chains and Fibered Products

In this section, we begin by introducing an abstract singular chain com-
plex, and define the singular N-cube chain complex, whose homology is
isomorphic to the singular homology. Next, we define fibered products, and

11



2.2. Topological Chains and Fibered Products

assign a boundary operator for fibered products as well. In the final part of
this section, we define the compactificated moduli spaces, and also define
a boundary operator. The chain complex is defined as the smooth singular
N-cube chain complex, enriched by smooth maps from fibered products of
faces with compactificated moduli spaces. This section follows Section 4 of
[1].

2.2.1 Some General Definitions

For every integer p > 0 and a fixed set C, of topological spaces, we define S,
to be the free abelian group generated by C,. If p < 0 or C, = @, then we
define 5, = 0. We call the elements of S, abstract topological chains of degree p.

In our case, B will be a manifold and C, will contain manifolds with corners
of dimension p. However, this is not required by the definition.

Definition 2.8 A boundary operator on a collection of abelian groups {S;},>0
is a collection of homomorphisms {9, : S, — S,_1},>0 so that

3, 103,:5, = S, 2

is the zero homomorphism for every p. To simplify the notation, we will
usually omit the index from d,.

2.2.2 Abstract N-Cubes Chains

Let M be a smooth manifold. Fix some large N > dim M and define

NV :=[0,1]N.
Let C, be the set of p-faces of IN. The boundary map d, : S, — Sp_1 is defined
on generators P € C, by
P ,
dp(P) = Y (=1) [ Ply 1 = Ply o]
j=0
where x; denotes the jM coordinate of P, and extended linearly.

Lemma 2.9 The collection {d, : S, — S,_1}p>0 is a boundary operator, that is,
dy_10dy: Sy — Sp_» is the zero map for every p.

Proof It is sufficient to show for generators. Let P € C,. Then,
p

dp-10dp(P) = Y_(—1) [dy Pl i —dp Pl, ]
j=0

12



2.2. Topological Chains and Fibered Products

E Bl ()

i=0

%=0

- (Paca)l -y (s, ]

1 1

)

= (Phmo) oy + (Plyeo)

1

Now, let us expand the first term of the last line:

p—1 p j-1

0(_1)i+j (P|xi:1) ‘3?.:1 - Z Z(_l)i+j (P|xf:1) ‘f-—l
i =1

i=0 =
+ (=1 (Pl )

1=

P
3
j=1

%=1

If i <j, then

Therefore,

The remaining terms of d,_1 o d,(P) can be shown to cancel similarly.  [J

2.2.3 Singular N-Cube Chains

Let B be a topological space. A singular C,-space of B is a continuous map
o : P — B for some P € C,. The set of all singular C,-spaces of B is
denoted by C,(B). The singular C,-chain group, S,(B), is defined to be the
free abelian group generated by C,(B). The elements of S,(B) are called
singular topological chains of degree p.

Let P € Cp and write
dp(P> = ZHJ(P)P]
]

where P; € C,_1. For a singular C,-space 0p : P — B, we define 9, : S,(B) —
Sp_l(B) by ap(U'p) = Z] n]-(P) O-P‘Pj' Then

9,109, S,(B) = S, 2(B)

13



2.2. Topological Chains and Fibered Products

is also the zero map. Thus, we can define the homology groups of (Se(B), de)
by
Hy(Se(B),0,) := kerd, /Ima, 1.

Definition 2.10 Let op, 0g be singular C,-spaces and denote 9,(Q) = 2 njQj.

For a fixed continuous map a : P — Q, we define

dy(0g) oo = Zn]- (0Qo®)|1(q) -
j

The subgroup of degenerate singular N-cubes chains D,(B) C S,(B) is the
subgroup generated by the following elements:

1. If « : P — Q is an orientation preserving homeomorphism such that
op = 0goa and d,(op) = 9,(0p) o a, then op — g € Dy(B).

2. If op does not depend on some free coordinate of P (that is, there is
1 < j < p such that op does not depend on x;), then op € D,(B).

Theorem 2.11 (Singular N-cube Chain Theorem) [1, Theorem 4.4]
The boundary operator 9, : Sy(B) — S,_1(B) induces a homomorphism
dp:Sy(B)/Dy(B) = Sp_1(B)/Dp_1(B)

and
H, (Se(B)/D4(B),0s) = Hy(B; Z).

forall p < N.

Let M be a smooth manifold. We define the group of smooth singular C,-chain
group, S;’(M) as the subgroup of S,(M) generated by smooth singular Cp-
spaces ¢ : P — M. Similarly, D}’ (M) is defined to be the subgroup of S}°(M)
generated by the conditions in Definition 2.10.

Remark 2.12 The proof of Theorem 2.11 can be applied verbatim to show that
H. (5¢(M)/Dg(M),0.) = HF'(M; Z)

where HY (M;Z) is the smooth singular homology defined in Appendix A.§2 of
[22].

Since HY (M;Z) = Ho(M;Z) by Theorem 2.1 of [22, Appendix A.§2],

H, (S3(M)/D3(M),0e) = He(M; Z).

14



2.2. Topological Chains and Fibered Products

2.2.4 Fibered Product of Topological Chains

Let P, P,, B be topological spaces and let ¢; : P; — B be continuous maps for
i = 1,2. The fibered product of o and o7 is defined as

Pi Xy B0y P2 i={(x1,%2) € Py X P | 1 (x1) = 02(x2) }

or, equivalently,
Py Xg, 8,0, P2 i= (01 X 02) 71 (A)

where A := {(x,x) | x € B} is the diagonal of B. We will usually omit the
maps 01,07 from the notation and write Py Xg P> := P; X4, Bo, Ps.

Lemma 2.13 Let 0; : P; — B be smooth maps for i = 1,2 and P;, B smooth
manifolds of dimension p; and b respectively. If o1 and o intersect transversely,
then Py X g P> is a smooth manifold of dimension p1 4 pa — b.

Proof Observe that 07 and o7 intersect transversely if and only if o7 x 02 and
A intersect transversely, which implies that P; x5 P, = (01 x 02) "1(A) is a
smooth manifold. In addition

dim P, xBPzzdim((Ulxaz)mA):p1+p2—b. O

Let {Cp},>0 be a collection of topological spaces. We say that a topological
space P has degree p if P € C, (In our case, C, will contain p-dimensional
manifolds with corners). If B is a b-dimensional smooth manifold, P; € C),
and o; : P; — B we can associate the degree p; + p» — b to P; X P,. In the case
that P;, P, are also smooth manifolds of dimension p; and p; respectively
and the maps o intersect transversely o, the degree of P; xp P; is the same
as dim(P1 XB PZ).

The collection {C,},>0 is said to be closed under fibered product with
respect to some collection of maps if for every P; € Cp, and P> € Cp,, then
P, xg P € Cp1+p2—b-

We now define fibered products of abstract topological chains.

Definition 2.14 Assume that {C,} is closed under fibered product with
respect to some collection of maps. Let 0; = Y n;x0ix € Sp,(B) fori =1,2
and o;j : P;x — B are singular Cy, spaces.

Define P; := Y ; n;P;x € Sp,. Then the fibered product of o1 and o, over B is
defined as

P1 X g1,B,0 Pz = Z”l,k”Z,jpl,k XUl,k,B,JZj Pz/j € Sm-l—pz—b'
k,j

To simplify the notation, we usually omit the maps 1,0 from the notation
and write P; xg P, instead of P; X, Bo, Po. If 01 = 0 or 0 = 0, we define

P] XBPZZO.
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2.2. Topological Chains and Fibered Products

The next lemma extends the boundary operator on S, from Definition 2.8 to
fibered products as well.

Definition 2.15 Let {C,},>0 be a collection of topological spaces and let
{Cp}p>0 its closure under fibered product with respect to some collection of
maps. Let S, be the free group generated by C,. We extend the boundary
operator d : S¢ — Se_1 to

d: S~. — 5.71

by setting
dp, s p,o(Pr X5 P2) = d(P1) xp Py + (—=1)""**Py xpd(Py)
for P; € Sy, and i =1, 2.

The boundary map on fibered products behaves well with multiple fibered
products, as shown in the following lemma.

Lemma 2.16 The boundary operator on fibered products in Definition 2.15 is a well
defined boundary operator. That is, d* : Se — Se_5 is the zero map.

Moreover, d : Se — So_1 behaves well with multiple fibered products, that is,
d ((Pl X By Pz) X B, P3) =d (P1 X B, (P2 X B, Pg)) .

Proof The degree of both d(P;) xg P, and Py xgP,is p1+p2—b—1,s04d
reduces the degree by 1.

We compute d?(P; xp Py):

d*(Py xp Py) = d(d(Py) xp P, + (—=1)"*PP; xpd(P,))
2

P1) xp Py
_1)p1+b( — d(Pl) XB d(Pz) + d(Pl) XB d(Pz)
+ (_1)p1+bpl XB dz(Pz))

Therefore, d : S¢ — S._1 is a well-defined boundary operator.

To show that
d ((P1 ¥, P2) xp, P3) = d (P1 xp, (P> xp, P3)),
we compute both sides:

d ((Pl X B, P;)_) X B, Pg) =d (P1 X B, Pz) X B, P3
+ (_1)p1+p27b1+bzpl X B, b, X B, daPs
= d(Py) xp, P, xp, P3+ (=1)P1t01 Py xp d(Py) xp, P

16



2.2. Topological Chains and Fibered Products

+ (_1)p1+p27b1+b2p1 X B, b, X B, dPs

d (P xp, (P> xp, P3)) = d(P1) x,

+ (=1)P1t1py xp d (P xp, P3)
= d(Py) xp, P, xp, P34+ (—1)P1*01 Py xp d(Py) xp, P
+ (=1)Prfp2tbithep Py xp, dP

and since (—1)" = (—=1)7", we get that

d((Pl XB, Pz) XB, Pg) :d(Pl by (Pz XB, Pg)) ]

2.2.5 Compactificated Moduli Spaces

Let (M, g) be a compact Riemannian manifold and (f, X) a Morse-Bott-
Smale pair. We denote by ¢; the flow of X. For every B,B’ C Crit(f)
critical submanifolds, the mapping (f, x) — ¢¢(x) induces a free R-action on
W(B, B"). Therefore, we can define

M(B,B') := W(B,B')/R = (W*(B) N W*(B)) /R

to be the quotient space of flow lines from B to B’. We call M(B,B’) the
moduli space of flow lines from B to B'.

When we take a fibered product with M(B, B'), that is, a fibered product of
the form
P xg M(B,B’) or M(B,B’) xp P,

we always take with respect to the beginning and endpoint maps
e.: M(B,B')— B and e, : M(B,B') — B'.

Lemma 2.17 The moduli space M (B, B") is a smooth manifold of dimension Ap —
Ap —1.

Proof M (B, B’) is a quotient of a manifold by a free R-action, and therefore
a manifold. The dimension of M (B, B) is

dim M(B,B') = dimW(B,B') =1 = Ag — Ap — 1. 0

Theorem 2.18 (Gluing) [11, Appendix A.3, Theorem A.11] Let B, B, and B" be
critical submanifolds of f. Suppose that the following hold:

1. W*(B) and W*%(B') intersect transversely.
2. W"(B') and W?(B") intersect transversely.

17



2.2. Topological Chains and Fibered Products

3. For every x € B', W"(x) and W*(B") intersect transversely.
Then there is € > 0 and an injective local diffeomorphism
G: M(B,B") xg M(B',B") x (0,¢) — M(B,B")

such that
M(B,B") = M(B,B") \ Im(G).
That is, Im(G) is "an end” of M(B, B").

An element a € M(By,By) X3, -+ Xp,_, M(By_1,By) for n > 1 is called a
piecewise gradient flow line from By to By.

Theorem 2.19 (Compactification) [11, Lemma 3.3] Let f : M — R be Morse-
Bott-Smale and B, B' be critical submanifolds of f. Then M (B, B") has a compactifi-
cation M(B, B') consisting of all piecewise gradient flow lines from B to B'. More
precisely,

M(B,B")=M(B,B)U |J |J M(B,Bi)xp, - xp, M(By,B)

n€N By,...,By

where By, ..., By are critical submanifolds of f and

Ap > Ap > -+ > A, > Ap.

M(B, B') is either empty or a smooth manifold with corners of dimension
Ap—Ap +b—1.
Moreover, the beginning and endpoint maps e—, e, extend to smooth maps
e.: M(B,B)—B,e,: M(B,B') — B
where e_ has the structure of a locally trivial fiber bundle.

From now on, we define b; as the dimension of a critical submanifold B; C
Crit(f) and i as its index. In addition, we denote by B; the set of all critical
points of index i. Equivalently,

B =B
B;

where the union runs over all critical submanifolds of index i.

We define

M(B;, B, Bi—j) := M(B;, B¢) x5, M(B, B;—;)
and similarly M (B, Bs, By, Bi_j) fori —j <s < k </i.

Since W(B, B;_;) has dimension (and degree) b; + j, the degree of M (B;, B;_;)
is defined to be b; +j — 1 (which is also the dimension of M(Bi,Bi_j)).
Therefore, the degree of M (B;, B;_;) can be defined to be b; + j — 1 as well.

18



2.2. Topological Chains and Fibered Products

Definition 2.20 Let f : M — R be a weakly self-indexing Morse-Bott func-
tion.

For every p > 0 we define C,, to be the set consisting of connected components
of fibered products of the form

M(lez B ) © XB; M(Binfl,B,'n)

n—1

with degree p, where m > i; > ... > i, > 0. Let S;, be the free abelian group
generated by Cp. Define d : S, — S, 1 on generators by setting

dM(Bi,Bi_]') hLb Z ZM Bl,Bk XBkM(Bszi—j)

i—j<k<i By
(where the second sum runs over all critical submanifolds of index k).

Lemma 2.21 The above-defined operator d : S, — S, 1 is well-defined and it is a
boundary operator, that is, d od = 0.

Proof First, observe that the degree of M(B;, Bi_;) is b; +j — 1, M(B;, By)
has degree i — k 4+ b; — 1 (which does not depend on the dimension of By)
and M By, B;_;) has degree k — (i — j) + by — 1. Therefore, by the definition
of the degree of fibered products, M(Bi, Bs, Bi,]-) has degree

(i—k—f—b,‘—l)—f—(k—(i—j)+bk—1)—bk:bi—i-j—Z

and therefore d(M(B;, B;_;)) is a linear sum of elements in S;,; 5, so d is
well-defined on M(B;, B;_;).
To show that d? = 0, we first calculate d M (B;, By, B;_ ]-):

d (M(B;, By, Bi—j)) = d (M(B;, By)) x5, M(Bx, Bi-;)
+( )z k+b;— 1+k+bkM(B Bk) X B, (M(Bk/ i— ]))
= (=1)"*% Y Y M(By, Bs, By, Bi_)

k<s<i Bs
+ (1)t N N M(B;, By, Bs, Bi-j)
i—j<s<k Bs
and hence
d* (M(B;, Bij)) = (=) 3 3 d (M(Bj, By, Bj-))
i—j<k<i By

= Y Y| Y Y M(B,B, BB )

i—j<k<i By Lk<s<i B;

Y Y M(B; BB, Bi))

i—j<s<k Bs
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2.3. Morse-Bott-Smale Chain Complex

= Y Y ) ). |MBiByByBi)

i—j<k<i By i—j<s<k Bs
— M(B;, B, By, Bi_j)
=0.

Therefore, d is a well-defined boundary operator. ]

Union Of Fibered products

Let P;, P», P, P}, B, B’ be pairwise disjoint topological spaces, and
O'iipi—>B,0'l{ZPl'/—>B/

be continuous maps for i = 1,2. Then

)
= (01 x 02) 1 (A(B)) U (01 x 03) " (A(B"))

(PLUP]) xpup (PUP) = (((nUe]) x (02 Uc3)) " (A(BUB')))
'(a(B)) U
(P1 XB Pz) U (P X PZ)

and the union is disjoint. Therefore, since B is a finite union of critical
submanifolds, we can define

M(B;, B;) = JM(B, B))

B;

(where the union runs over all critical submanifolds of index j) and analogu-
ously for M(B;, B;) and M (B;, B;). The definition of the compactificated
moduli space M (B;, Bj) can be extended analoguously as well.

In terms of topological chains, if C, is the set of all elements of the form
M (B;, B;) with degree p, we can associate M(B;, By, B;_;) with the abstract

topological chain } 5 M(B, B, B;_ j), which all have the same degree by the
proof of the above lemma

2.3 Morse-Bott-Smale Chain Complex

In this section, we define the Morse-Bott-Smale chain complex. The chain
complex consists of smooth maps from faces of IN and fibered products
of faces with compactificated moduli spaces. Next, we define degeneracy
conditions on the chain complex. Then, we define the Morse-Bott homology
of a Morse-Bott function f : M — RR. In the next section, we show that the
homology of the chain complex is invariant of the function. This section
follows section 5 of [1].
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2.3. Morse-Bott-Smale Chain Complex

In this section we assume that M is compact and oriented, and f : M — R is
a Morse-Bott-Smale function with respect to some gradient-like vector field
X. In addition, we assume that all critical submanifolds B and their negative
normal bundle v, (B) are oriented.

2.3.1 Manifolds With Corners

A topological manifold with corners is a second countable Hausdorff topological
space V so that every x € V has a neighborhood x € U, C V and a
homeomorphism ¢y : Uy — R x [O,oo)m*k =: R}". Such a pair (Uy, ¢x) is
called a chart. We say that two charts (Uy, ¢x), (Uy, ¢,) are (C*)-compatible if
the transition maps

9y o pr ' px(Ux NUy) — gy (U N UY)

and
@y 0 q);l s (U NUy) — @y (U N U,y,)

are both C*.

Definition 2.22 A (smooth) manifold with corners is a topological manifold
with corners V such that for every x,y € V the charts (Uy, ¢x) and (U, ;)
are C*-compatible.

Let V be a manifold with corners and let (Uy, ¢x) be a chart around x € V
so that ¢(x) = 0 € R}". Then k does not depend on the choice of (Uy, ¢x)
(since R} and R}" are not diffeomorphic if k 7 I). Therefore, we can define
the index of x in V to be k and denote if by Ind(x,V). Fork =0,...,m, we
define Vj to be the submanifold of index k of V. i.e.

Vi:={x eV |Ind(x,V) = k}.

Note that Vj is a k-dimensional submanifold (without boundary) of V.

Definition 2.23 A k-stratum of V is a connected component of V. We define
V,, to be the interior of V, and V' \ V,, to be the boundary of V.

Recall (Lemma 2.17) that M(B;, B;_;) is an (b; + j — 1)-dimensional manifold.
Using Lemma 2.13, we get that

M(BilfBiz) XBiZ M(Biz'Bis) XB‘3 © XBy, M<Bin’Bin+1)

1

is a smooth manifold of dimension

n
<bij —|—ij—ij+1 —1) — Zbij = bi1 +i — i, —n.
j=2

M:

]

Il
—_
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2.3. Morse-Bott-Smale Chain Complex

Therefore, M(B;, B;_;)x consists of all fibered products

M(B;, B;,) x5, M(By,, Bi;) ¥, -+ x5, M(Bj,, Bi_;)
where b; +j —n =k, or n = b; + j — k. That is, M(B;, B;_j)x is the submani-
fold consists of all piecewise gradient flow lines passing through b; +j — k
intermediate critical submanifolds.

Given an orientation on V,;,, the interior of V, we can extend the orientation
to V.

Lemma 2.24 Let V be an oriented smooth manifold with corners. Then the orienta-
tion on V,, defines and orientation on V.

Proof By the collar theorem for manifold with corners [23, Lemma 2.1.6],
there is an embedding i : 9V x [0,1) < V. Now, let ¢ : [0,1] — [1/2,1] be a
diffeomorphism such that ¢(t) = t if t > 3/4. We define

W=V \i(dV x [0,1/2))

and ¢ : V — W by

p(x,t) = (x,4(1))
for (x,t) € 9V x [0,1) and ¢(x) = xif x ¢ V x [0,1). ¢ is a smooth bijection,
and also a local diffeomorphism. Hence 1 is a diffeomorphism between V
and W. Now, let O := {(Uy, ¢«) },,c 4 be a collection of orientation-preserving

charts on V,, that covers V;;, (such O exists because V,, is orientable). Hence,
O defines an orientation on V,;,. Then

O = {(uoc nw, (P“‘W)}zxeA

is a collection of orientation-preserving charts on W that covers W, and hence
induces an orientation on W. Since 1 is an orientation-preserving diffeomor-
phism (because it is the identity on an open set), we get an orientation on
V. O

For x € V, we define T,V to be the tangent space at x of the stratum
containing x.

Definition 2.25 Let V, W be smooth manifolds with corners and let A C Y
be a submanifold with corners. We say that f : V. — W intersects A stratum
transversely if

dfx(TxV) @ Tf(x)A = Tf(x)W
for every x € f~1(A).

We will use the following theorem:
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2.3. Morse-Bott-Smale Chain Complex

Theorem 2.26 [24, Theorem 3] Let V be a manifold with corners and W be a
manifold without boundary. Let A C W be a submanifold with corners and

f ' V.— W be a smooth map that intersects A transversely and stratum transversely.
Assume that f~1(A) # @. Then:

1. f~Y(A) C V is a smooth submanifold with corners.
2. dim X —dim f~!}(A) = dimY — dim A.
3. Forevery x € f~1(A),

Ind(x, V) — Ind(x, f1(A)) = Ind(f(x), W) — Ind(f (), A).

2.3.2 Complex

We set C,, to be the set consisting of p-faces of IN and the connected compo-
nents of fibered products with dimension p of the form

Q/ = Q XO',EI' H(Bil’éiz) XBi e XB M(Bin—l’éin)

2 -1

where i1 > i > ...i;, > 0, Qis a face of dimension g < p,and ¢ : Q — B;,
are smooth. The fibered products are taken with respect to e and e (for
M(Bi],, Bi], )). Observe that Q' has degree q + iy — i, — n.

+1

Lemma 2.27 [1, Lemma 5.1] The objects in C,, are compact oriented manifolds with
corners.

Definition 2.28 Let S, be the free abelian group generated by C,. We define
S;"(Bi) to be the subgroup of S,(B;) generated by the maps (0p : P — B;) for
some P € C, satisfying the following conditions:

1. op is smooth.
2. if P is a connected component of a fibered product, then op = e; o7,

where

N:QXBI,M(BH,BZ'Z) Xp c

i

ﬂ(B\in—l’ Bln) — M(Bin—l’ Bln)

i1
is the projection to the last component of the fibered product.

e+ o 7t can be described geometrically as the endpoint map of a piece-
wise gradient line.
We will later (Definition 2.37) quotient S?(Bi) by a subgroup of D?(Bi) C
S;O(Bi), creating an identification between maps from connected components
of fibered products to }_, n,0, € S?(Bi) where each ¢, : P, — B; is a smooth
map from p-faces of IV.

We say that the elements of S;"(Bi) have Morse-Bott degree p + i.
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2.3. Morse-Bott-Smale Chain Complex

Definition 2.29 For every 0 < k < m, we define Cy to be free group generated
by all smooth singular topological chains of Morse-Bott degree k. i.e.

k
Ce(f) == P Sii(By).
i=0

Let P be a topological space and let op : P — B; be a smooth map. Every
point in the fibered product

p X i M(Bl’, Bi_]')

can be described as a pair (x,y), where x € P and y is a piecewise gradient
flow line from op(x) to B;_;. Hence, the map

oj: P X pi M(Bi, BZ‘,]') — B]
defined by ¢; = 7, o e sends such (x,y) to ey (y).
Lemma 2.30 [1, Lemma 5.3] Let op : P — B; be a singular C,-space in S‘;j’(l?,-)
and let 1 < j < i. Then we can identify P X op B, ﬂ(l@i, I?l-,]-) with

Z”kRk € Sptj
k

where Ry is a connected component of P X,z M(B,, Ei,]-), and ny is the sign
induced from the orientation if dim Ry = 0 and 1 otherwise.

Proof B; is a union of submanifolds of M. ¢p : P — B; is continuous, P
is connected and so op(P) lies in a connected component B of B;. Now,
M(B, Bi,j) is an abstract topological chain of degree j +b — 1, so

P Xop,B M(B, Bi,]')
has degree p + j — 1 (which is independent of the degree of B).

Let B’ be a connected component of Bi_j. Since P € C, is a compact manifold

with corners, M(B, B) is also a compact manifold with corners. By 2.27
P xp M(B,B’) is also a compact manifold with corners, so it has finitely
many components. Thus P xg M (B, B,-].) has finitely many components. [

Using the above lemma, we can define a homomorphism
a] : S;o(gl) — S;ojL]‘fl(Bl’,j).
We define 9; on a generator op : P — B; by di(op) = og, where og = Y nyor,

and extend linearly. Note that since Ry is a connected component of a fibered
product, there is only one map

(0: Ry = Bij) € 575 1(By),

24
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which is o, = e o 712. d; decreases the Morse-Bott degree by 1. We define
9j: S5°(B;) — S 1(Bi—)) to be the zero map if j > i.

We can now define 9 : Cx(f) — Ci_1(f) by

where o € S | (B;), dp = (—1)* - 9 (where 9 is the boundary operator defined
in Section 2.2) and a]» is defined as above for 1 <j <i.

Proposition 2.31 For 0 <j <m, Z{I;% 9¢0j_q = 0. This means that (C,(f),9)
is a chain complex.

Proof The case j = 0 is the singular homology. Let op € S;"(Ei) be a singular
C,-space of B;. Since

aq o a]'_q : S;O(Bl) — S;o+j_2(éi_j)
is the zero map if j > i, assume 1 <j <.

We are going to compute each component of 2;21 94(9j—4(0p)) separately. We
are going to write the computations in terms of abstract topological chains.
For a singular C,-space ¢ : P — B;, we write

dj(P) =R € Serjfl

if 0;(cp) = or. This is allowed because only one map is used from every
domain in the computations below.

We divide into 3 cases: g =0,1 < g <j,and q =j. If g =0, then

-t S
+ L (=) Y P g, M(B, By, Bi—j))
Bl‘ q:1
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= (—1)r+i-1 (d(P) x5, M(B, Biﬂ')

1 N
+ (=17 ) Y P g M(By, Biy, Bi—j))

q:1 B,'
. o = A
= (_1)P+1*1d(P) Xp, M(Bi, Bl'_]') — Z p Xp M(Bl', Bi—qr Bi—j)-
q=1

If1<g<j—1,then
dy (dj—q(P)) =P xy

1

M(B;, Bi_jsq, Bi_j).
If g = j, then

4i(do(P)) = d; ((~1)7d(P)) = (~1)7*(dP x5, M(By, By ).

Summing everything yields

Y dy (dj4(P)) = (=1)"*-1d(P) x . M(B;, Bi )

j—1 A A

_ E P XE,' M(B1/ Bq/ Bz—])
q=1
j—1 A

+Y P X g, M(Bi, Bi—j+q, Bi-j)
q=1

+ (_])p+l(d(P) X B M(Bu Bl*]))

2.3.3 Orientations

Let B C Crit(f) be a critical submanifold. Recall that we assume that v, (B)
and B are oriented. The relation

T,M = T,B&v, (B) ®v, (B)

determines an orientation on v, (B). The maps E~ : v, (B) — W"(B) and
E* :v{(B) — W?(B) (from Theorem 2.5) are bijective immersions, and hence
induce orientation on W"(B) and W*(B), respectively.

For B, B’ connected critical submanifolds, the orientation on W(B, B’) is
determined by

T.M = T,W(B,B') ® vy (W*(B")) @ vx(W"(B))
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2.3. Morse-Bott-Smale Chain Complex

for x € W(B,B).
For a regular value f(B') < a < f(B) we can identify M(B,B') = f~1(a) N
W(B, B’) and get an orientation on M (B, B') using
T.W(B,B") = span ((—=Vf)(x)) ® T+M (B, B')
forall x € f~'(a) NW(B, B').
The orientation on M (B, B") can be extended to M (B, B') using Lemma 2.24.

Definition 2.32 Let P;, P, be smooth manifolds with corners, and B be an
oriented manifold without boundary. Assume that ¢; : P; — B intersect
transversely and stratum transversely. We define an orientation on P; xp P»

by
(=1)"P2 T, (P, xp P,) @ (01 X 02)* (Vs (A(B))) = T (P, x P»)

where A(B) = {(x,x) | x € B} and v,(A(B)) denotes the normal bundle of
A(B) in B x B.

Lemma 2.33 [1, Lemma 5.8] The orientation defined above is associative. That
is, the orientations induced on (Py xp, P,) X, P3 and P; xp, (P> xp, P3) are the
same.

Proof Let oy : P — By, 0o : P, — By, Oﬁ : P — By, and 03 : P3 — B, be
smooth maps. We take the fibered products with respect to these maps.

We start by computing the orientation of (P; xp, P») xp, Ps. By Definition
2.32,

(—=1)2PT((Py X, P2) X5, P3) ® (03 X 03)* (v (A(B2)))
= T.((P1 X, P2) X P3) = T.((Py xp, P2)) @ T.(P3).
Applying the definition again for P; xp, P, gives
(=) 2T (Py xp, P2) @ (01 X 02)* (v (A(By))) = Tu(Py x Py).
Therefore,

T.(P; X Py) @ Tu(P3) = (—1)"P2T,(Py xp, P,)
@ (01 x 02)" (v+(A(B1))) @ Tu(P3)
= (=1)0rP2tUPST (P xp, Py)
© Tu(P3) @ (01 x 02)" (v« (A(B1))).

Putting these equations together yields:
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2.3. Morse-Bott-Smale Chain Complex

(—1)PtP s T, (P X, Po) X5, Ps)
® (0 x 03)" (v (A(B)))
@ (01 x 02)" (v« (A(B1))) = Tu((Py x P2) x P3)
=T.(P) ® T.(P) @ T.(P3).

Now, we compute the orientation of P; xp, (P, X, P3):
(= 1) P2 PRI T, (Py xp, (P X, P3)) @ (01 X 02)" (ve(A(B)))
= T*(Pl X (Pz X B, P3)) = T*(P1) D T*(Pz X B, P3).
Applying the definition again for P; xp, P, gives
(=1)2P3T, (P, x, P3) @ (0% x 03)* (v« (A(B2))) = Tu(P2 x P3).
and combining yields
(_1)b1(P2+P3*bz)+b2P3T*(pl X B, (P X g, P3))

@ (01 X 02)" (v«(A(B1)))
®(0z x 03)" (v+(A(B2)))

T*(Pl X <P2 X P3))
T.(Py) ® T (P2) @ Te(Ps).

The coefficient of the orientation is
(_1)b1(pz+p3—b2)+b2p3 _ (_1)b1p2+b1p3—b1pz+bzp3.
Now, if we want to exchange places between (o7 X 02)*(v<(A(B1))) and
(0} x 3)* (v« (A(B2))), we have to multiply by (—1)"2. Therefore,
(—1)p2tbips=baptbapsT (P xp (P X3, P3))
@ (01 x 02)"(v+(A(B1)))
® (07 x 03)" (v+(A(B2)))
— ()PP, (Py g (P g, P))
® (03 x 03)" (v+ (A ( 2)))
@ (01 X 02)" (v4(A(B1)))
Together, we got that
(—1)e2patbip s T (P x 3 Py) X3, P3)
& (03 % 03)" (v+(A(B2))) @ (01 X 02)" (v4(A(B1)))
=(—1)rP2tbarsthaps T (P xp (P xp, P3))
@ (03 x 03)" (v (A(B2))) @ (01 % 02)" (v (A(By))).
Therefore,

T*<(P1 X, Pz) X B, Pg) = T*(Pl XB, (Pz X B, Pg)). U]
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2.3. Morse-Bott-Smale Chain Complex

Using the above lemma, we get a well-defined orientation on the connected
components of

Qxp M(B, By,) xp - xp,
where Q is a face of IN.

2.3.4 Degenerate Singular Topological Chains

Definition 2.34 Let o0p,0g € S;’,"(Bi) be singular C,-spaces in B; and let
d(Q) = ¥ ;njQ; € Sp—1. For a continuous map

a:P—Q,

let dgog © & denote the formal sum

erlZn Qouc|,] Q)"
Qj

Define D;’(B;) C Sy’(B;), the set of degenerate singular topological chains, by
the following conditions, called degeneracy conditions:

1. If a is an orientation preserving homeomorphism such that g o a = op
and dpog o & = dgop, then g —op € D;"(Bl-).

2. If Pis a face of IN and op does not depend on a free coordinate of P,
then op € D°°( i) and d;(0p) € DY ;. 1(Bij) forevery j=1,...,m.

3. If P and Q are connected components of fibered products and « is
an orientation reversing homeomorphism such that g o = 0p and
aoa'Q owx = dyop, then oQ+op € D;o(él)

4. 1f Q is a face of IV and R is a connected component of

A

Q XBil M(Bil’BiZ) XBI'Z e XBin—l

M(B;,_,,B;,)
with deg R > dim B;, for every connected component B; of B; , then

or € D®(B;,) and 9 ( R) € D 1(Bi,—j) forevery j=0,...,m

5. If -, 1,0, € Si(R) is a smooth singular chain in a connected component
R of a fibered product that represents the fundamental class of R and
(=1)"""9goR — L4 1ad(0R 0 03 ) is in D, (B;) as per conditions (1)-(5),
then

OR = OR — Zna(UR oo,) € D;°(B;,)
19

and 9;(or/) € Dyyj-1(B;,—;) forevery j=1,...,m
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2.3. Morse-Bott-Smale Chain Complex

The reasoning behind the degeneracy conditions is as follows: conditions (1)
and (2) are similar to the degeneracy conditions in Definition 2.10, so that the
chain complex (S$(B;)/D2(B;), o) computes the singular homology of B;,
by Theorem 2.11. In addition, conditions (1) and (3) define an identification
between connected components of fibered products, based on their orienta-
tion. Condition (4) is a dimension limit, and condition (5) provides a way to
identify between singular chains from fibered products and from faces of IV.

Lemma 2.35 [1, Lemma 5.10] For everyi,j=0,...,m, the homomorphism
9j: Sy (Bi) = S _1(Biy)
induces a homomorphism

8]- : S?(BJ/D;O(BZ) — S;o+]-_1(Bi,]')/D;o_i_]-_l(Bi,]').

The following lemma shows that for every og : R — B; where R is a connected
component of a fibered product, there is an equivalent smooth singular chain
o = Y gnpog where op : Pg — B; are smooth singular chains and Py are faces
of IN.

Lemma 2.36 Let R € C, be a connected component of a fibered product

’ XB ﬂ(B\in—l’Bin)

Pxp M(Bi, By,) xg

i

with deg R = r. Then there is a smooth singular chain ¢ =Y, n,0, such that
OR — 0 € D,?O(BZH) and:

1. 04 : Py — B is a smooth singular chain and P, is an r-face of IV.
2. 0y = OR o 0, where &, : Py — R is a smooth singular chain in R for all a.

3. Yo a0y represents the fundamental class of R. That is, ), 1,0, is a relative
cycle in Sp(R,0R) = S,(R)/S,(dR) which is a generator of H,(R,dR).

Proof We prove by induction on r. If r = 0, then R is a connected 0-
dimensional manifold with corners, and hence a point.

Therefore, dpogr = 0, and o : {0} — R represents of the fundamental class of
R. Also d(or o o) = 0, so by the fifth condition of degeneracy in Definition
2.34,

or —oroo € DY(B;).

Assume now that r > 1. Write dgr = )} nRx where Ry € C,_;. Using the
induction hypothesis, for every Ry there is a singular chain

o = Y _nj,0j, € S—1(Ry)
Jk
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2.3. Morse-Bott-Smale Chain Complex

that satisfies the conditions of the lemma. Then
door — (1) Y moy = (—1)" (Z nKOR, — )Mk Z”jk%)
k k k jk
= (—1)"tin (an (chk — Z”n%)) € DY ,(B;).
k J

By the induction hypothesis, }; 1;,7;, is a relative cycle in S,_1 (R, dRy) that
represents the fundamental class of Ri. Therefore,

Z Mg Z njka}'k € 51 (aR)

k Tk

is a relative cycle in S,_1(dR,d(dR)) = S,_1(dR) that represents the fun-
damental class of 0R. By Lemma VI.9.1 of [25], there is a singular chain
Yo a0y € Sp(R) (Which can be made smooth by perturbing the interior) such
that

0 (Znaaﬂl> = anak € S¢(R).
« k

Since '
door — (=1)"*" Y ngor € D74 (B;,),
k
we get that

O'R—Zn,x((TROO'a) S Dr(BZ'”). B
«

2.3.5 Homology
In this subsection, we define the Morse-Bott homology. Let f : M — R be

a Morse-Bott-Smale function. Recall that we defined C, in Subsection 2.3.2
to be the set consisting of p-faces of I, as well as connected components of
fibered products with degree p of the form

Q XUQ,Bil M(Bil’BiZ) xgi T XB' M(BZ‘”,]/BI},)

2 -1

where 0 : Q — Bil is a smooth map from a face of dimension g > p and
m>i > >1i;, > 0.

Lemma 2.27 states that all elements in C;, are compact manifolds with corners.
We defined S, to be the free abelian group generated C,. We defined S;’,"(Bi)

in Definition 2.28 to be the subgroup generated by smmoth maps op :— B;
where P is a p-face of IN.
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2.3. Morse-Bott-Smale Chain Complex

However, if P is a connected component of a fibered product, the only map
op: P — B;in S;’,"(B’i) is op = ey o 71, where 7 is the projection to the last
term of the fibered product and e is the endpoint map. In this case, the map
op can be described geometrically as the endpoint map of every piecewise
gradient flow line. We say that an element ¢ € S?(Bi) has Morse-Bott degree
p+i.

The next step is defining the intermediate complex (C,(f),d). We defined Cy
to be the set of all smooth singular chains with Morse-Bott degree k. That is,

k
Cr(f) = P se.i(By).
i=0

The definition of 0 is as follows: We define 9 : S?(Bi) — S5 1(B;) to be

(—1)”“ times the boundary operator definediin Section 2.2. For 1 <j <k,
we define 9;(cp) = or, where R = P X g B, M(B,, Bj). If j > i, then 0; is
defined to be the zero map. The maps d; are well-defined by Lemma 2.30.

The boundary operator 9 is defined by
m
d:= @ : 8] : Ck(f) — Ckfl(f)'
j=0

Lemma 2.31 states that (C.(f),d) is a chain complex. However, we want to
identify d;(cp) with a smooth singular chain

o= Zn,xa,x € S;"Hfl(éi_]‘)
o

where all 0, : P, — Bi,j are maps from faces of N to Bi,j. To do so, we
define a free abelian subgroup Dy’ (B)) C 5y (B;) generated by the degeneracy
conditions in Definition 2.34.

Definition 2.37 We define
Cr(B;) = S°(Bi)/ D (By)
to be the subgroup of non-degenerate smooth singular chains in S (B;).

Definition 2.38 We define Ci(f) to be the set of all non-degenerate smooth
singular chains with Morse-Bott degree k. That is,

k
Ce(f) := @ Ci(By).
i=0

The boundary map

9 : Ci(f) = Cea(f)
is the induced homomorphism from 9 : Cy(f) — Cy_1(f). The pair (Co(f), )
is called the Morse-Bott chain complex of f.
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Lemma 2.35 shows that

0: C(f) = Croa(f)

is well-defined and that 9? : C¢(f) — Ci_»(f) is the zero map (because it is
induced from a zero map). Therefore, (Co(f),0) is a chain complex.

Definition 2.39 The Morse-Bott homology of f are the groups

Hi(Co(f),0)-

When m = 2, the complex can be pictured as follows:

Examples

Example 2.40 Let f : M — R be a constant function.

In this case, there is only one critical submanifold, which has index 0. That
is, By = M and B; = @ for i > 0. Then C(f) = S°(By) and degeneracy
conditions (3)-(5) in Definition 2.34 are vacuus since there are no fibered
products. Since conditions (1) and (2) in definitions 2.10 and 2.34 are the
same, we get that Si(By) and Dy(By) are both the subgroups restricted to
smooth singular chains of Si(By) and Dy (By) respectively. The boundary
operator dy is defined to be (—1)* times the boundary operator in Section 2.2,
which does not affect the homology.

33



2.3. Morse-Bott-Smale Chain Complex

The complex looks like (for m = 2):

The bottom row is equivalent to the smooth singular N-cube chain complex
(S(By)/D(By),0) from Remark 2.12.

Therefore, X X
Hi(Ck(f),9) = Hy(S¢ (Bo)/ Dy’ (Bo), 9).

By Theorem 2.11 and Remark 2.12,
Hk(S?(Bo)/D;O(Bo),a) = Hk(Bo;Z).

And since By = M,
Hi(Cu(f),9) = He(M; Z)

so the chain complex (C,.(f),9) yields the same homology as the singular
homology.

Example 2.41 Let f : M — R be a Morse-Smale function.

Since every critical point is isolated, B; is a zero-dimensional submanifold of
M, and hence a finite set of points. Hence, every singular C, space

U'ZP—)BZ‘

is a constant map (since P is connected). If P is not zero-dimensional face of
IN, then ¢ does not depend on a free coordinate of P and hence o € D;O(Bi).

In addition, by the fourth degeneracy condition, og € D°(B;) if k > 0 and R
is a connected component of a fibered product. Therefore,

Dy (Bi) = Sy (Bi)
forevery k =1,...,m, and
9j: C(Bi) = Cryj1(Biryj)
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2.3. Morse-Bott-Smale Chain Complex

is trivial if j # 1. The first degeneracy condition identfies between all maps
with the same image and hence implies that S3(B;)/Dg(B;) is the free
abelian group generated by the points in B;.

If dim M = 2, the complex can be pictured as follows:

A A 9
S¢(B2)/Dg(By) —————— 0

C2(f) ? Ci(f) d Co(f) — 22— 0

If g € B;, then
91(q) : q x5, M(B;, Bi_1) = M(B;, Bi_1) = Bi_4
counts the signed bumber of gradient flow lines from g to B;_1, so

01(q) = Y n(qp)p € Ca(f) = Biv.
peEB;_1

Hence, we get that (C.(f),d) is the Morse-Smale complex, and since the
Morse homology is isomorphic to the singular homology [4, Theorem 4.9.3],

Hi(Ca(f),0) = Hi(M;Z).
Example 2.42 Let Mbe S? = {(x,y,z) | x> + y* +z> =1} and f(x,y,2) = z%.
We are going to nuse the standard metric on S2.

Then By = S! x {0}, B, = @ and B, = {N, S} where N, S are the north
and south pole, respectively. Similarly to Example 2.41, the first and second
degeneracy conditions imply that S3°(B,)/Dg(B,) = (N,S) = Z © Z and
S®(B,)/D(By) = 0if k > 0.
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2.3. Morse-Bott-Smale Chain Complex

The complex can be pictured as:

(N, ) %

o1

Ca(f) 2 Ci(f) i Co(f) —2—0

The bottom row is the smooth N-cube chain complex Ci(Bo, dp), and
Hi(S¢° (Bo)/ D (Bo), o) = Hy(bo; Z)
by Theorem 2.11 and Remark 2.12. The moduli space
M(By, Byg) = M(B,, By)
is a disjoint union of two copies of S! with opposite orientation, namely

M(Bz, Bo) =N XNM(B\2, Eo) US xg ﬂ(éz, Bo)

Therefore, there is an orientation reversing map
a: N XNM(Bz, Bo) — S Xg M(Bz, BQ)

such that d2(N) oa = 9p(S). Also, dp(92(N)) = 99(92(S)) = 0. The third
condition of degeneracy in Definition 2.34 implies that

92(N +8S) = 92(N) +92(S) € D{(By).

Using the fact that |z| is strictly decreasing along flow lines, we can identify
R:= N xy M(By, By) = S x {1/2}.

Now, let 0, € S1(R) be a smooth singular chain in R that represents the
fundamental class of R (that is, a generator of H;(R,dR)). Since R is a closed
manifold, do, = 0 and so dpor = dp(0r © 0x) = 0. By the fifth condition of
degeneracy in Definition 2.34,

o — og 0 0y € D°(By).
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Observe that dg(x,y,1/2) = (x,y,0) and hence dg is a diffeomorphism
between R and By, o o 0y, represents the fundamental class of By. This means
that

Im (9 : Co(f) = Ci(f)) = ker (9 : Ci(f) = Co(f))
and hence H;(Co(f),9) = 0. In addition,

HaCo(1),0) = 1y =2
and hence
Huau»m%{f o

Example 2.43 Let M be S? as in Example 2.42 and

fx,y,z) = —2%

This time By = {N,S} and B; = S! x {0}. By the same argument as in
examples 2.41 and 2.42,

S5 (Bo)/Dg*(By) = (N,S) = Z & Z
and S°(By) /D (By) = 0 if k > 0.

The Morse-Bott complex looks like:

ST (By) /DP( By) N 5y (By) /D

[ [ [
C2(f) G Ci(f) —2 s Colf) —2> 0

The second row is the chain complex Ci(B1,90). As in the previous example,
M By, By) consists of two copies of S' with opposite orientation. We can see
from
- A A _ A A e A
d1(op) : P x5 M(By,Bo) = M(By,Bo) = By = {N, S}
that 01(cp) € {N —S,S — N} (Depending on the orientation). This means
that

ker (0: C1(f) = Co(f)) =0
and hence H;(Cq(f),0) = 0. In addition,

HO(f) = <§\1]\]’_SS>> =Z
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2.4. Independence On The Function

and hence,
Z k=0,2

Hi(Co(f),0) = {0 k£02’

2.4 Independence On The Function

In this section, we prove that the homology the chain complex (C.(f),9)
does not depend on the choice of the function f. In the previous section,
we have seen that if f is constant, the homology of (C.(f),d) is the singular
homology. Therefore, Hy(Ck(f),0) = Hx(M; Z) for every f.

We are going to prove it similarly to [1, Theorem 6.17], but using the outline
of the proof for [4, Theorem 3.4.2]. The proofs share very similar ideas, which
can also be found in [11, Theorem 3.1], [26, Theorem 1.1], [27, Chapitre 1],
and [28, Theorem 8].

Theorem 2.44 Let fo, f1 : M — R be two Morse-Bott-Smale functions. Then
Hi(Ce(f0),9) = Hr(Ce(f1),9)

for every k € IN. In particular, Hy(Ce(f1),0) = Hx(M;Z).

The outline of the proof is as follows: We choose a smooth function

F:Mx[0,1] — R
(x,8) — Fs(x) = F(x,s)

which satisfies

WIN W=

{Fsoo = fo(X) s<
E(X) = fi(X) s>

1. We deduce a chain morphism

" (Co(fo),95,) = (Co(f1),95)-

2. We show that if fy = f; and F;(x) = fo(x) = fi(x) then ®F is the
identity morphism.

3. We show that if f, : M — R is another Morse-Bott function,F : M X
R — R is a homotopy from fy to fi, G : M x R — R is a homotopy
from f; to f, and H: M x R — R is a homotopy from fj to f, so that
F, G, H all satisfy the conditions in 2.4, then

PC 0 @F, oM : (Ca(f0),95,) — (Cu(f2),05,)

induce the same map on homology.
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Using those properties, we can choose f, = fy and H(s,x) = fo(x) (the
constant homotopy). Then ®¢ = (®F)~! on homology and so ®f is an
isomorphism on homology.

Note: The chain complex depends not only on the function but also on the
Riemannian metric. However, the independence of the metric follows from
the fact that the homology of a constant function (Example 2.40) does not
depend on the metric.

Proof (First Step) We extend F to M x [—1, 3] by setting F;(x) = fo(x) for
s < 0and Fs(x) = f1(x) for s > 1.

Let ¢ : R — R be defined as g(x) = C- (2x*> — 3x?) for some C > 0. g is a
Morse function with local maximum at 0 and a local minimum at 1. If C
is sufficiently large, then 9 (x,5) + g'(s) < 0 for every (x,5) € M x R. The
function F = F + g is a Morse-Bott function whose critical points are

Crit(F) = Crit(fo) x {0} UCrit(f1) x {1}.

For B C Crit(fy) a critical submanifold of fy,
Npioy =M +1
and for B’ C Crit(f;) a critical submanifold of fi,

All;’x{l} = )\J;]"

By perturbing F a little in the range M x [%, %] , we can assume that W" (B x
{0}) and W*(B’ x {1}) intersect transversely for all B C Crit(fy) and B’ C
Crit(f1) critical submanifolds of fy, fi respectively. This is a weaker require-
ment than f being Morse-Bott-Smale.

We denote BY, B! the set of all critical points with index i of f and f;,
respectively. For critical submanifolds B? - B?, Bil - Bz-l, we define

w&w%@y:(w%w)mwxgg/R

M p(B?,B}) is a quotient of a manifold by a free R-action, and hence a
manifold of dimension

A;—A%—1:i+1—j—1:i—j

Theorem 2.19 can be applied for M (B?, B]l) as well, giving a compactification
Mp(BY, B]1) of Mp(BY, B]1) We set the degree of Mp(BY?, le) to be i —j. The
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boundary operator 4 (in a setting analoguous to Definition 2.20) is defined
on Mg (BY, le) by

i1 . mo
i (M8, 8) = (-1 ( Y V(B BB~ 37 (BB Bl>) |
k=1 k=j+1
Similarly to Lemma 2.16, d decreases the degree of Mp(BY, B]l) by 1.

We claim that d2 (MF(B?, B})) = 0. To show that, we first compute

d (M(BY, BY, B)) = d (M (BY, BY) x gy M (B}, B))
= (-1)"% Y Y Mg (BY, B, BY, BY)

k<s<i BQ

+ ( l k+b0 1+bo Z Z k+bkM BlO, Bk/ BO Bl)

srDj
s=0 BO
_( 1 i— k+b0 1+b0 Z Z ker](‘]M B?,Bk,le,B]l)
s=j+1 Bl
— z+b0< Z ZMF BO BO Bk' )
k<s<i BY
oo 0 pl
o ZZM(BZ"BI(/BS/B])
s=0 BY
m [
+ ) ) M(B}, B, B, B))
s=j+1 B!

- 1+b°< Y. M¢e(BY, B, BY, B})

k<s<i
k=1
— ) M(B}, B, B, B})
m —_—
+ ). M(B, B}, B, Bj)
s=j+1
where the sum B!, runs over all critical submanifolds B! C Bl (I =0,1).

Similarly,

d (HF(B?, B,l,B})) = (—1)it¥ (ZMF(B?, B}, B, B))

s<i
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m
— ) M(B}, B}, By, Bj)
k+1

k—1
+ Y M(BY, Bk,le,B]l)>
s=j+1

Summing everything yields:

1
d* (M (B, B})) = (—1)"*d <2 BY, B}, B ZMF (B, Bk,31)>

k=j
v 0 0 A0 A0 nl
= Y Y [ M (B, B, BY, B}) — My (BY, BY, BY, B}) |
k=0s=0
i-1 m o L 0 50 A1 o1
+ Y Y [Me(BY, B, B, BY) — Me(BY, BY, BL B)) |
k=0s=j+1
m k—1 o
+ ) [ (BY, BL, BL, B}) — M (B, BL, B, B)|
k=j+1s=j
—0

We define Co(F) := Ceo(fo) ® Cot1(f1) and

r : C(F) = Cea(F)

-9 ©F
- ()
' 0 95

F : Celfo) = Cl(f1)

is defined on a generator op : P — BY as follows:

by

where

We write R; := P X g Me(BY, B’]l) and define
m
j=0

and extended linearly. The identification between og; and ¢ € Ci(f1) is
defined using the degeneracy conditions in Definition 2.34. In addition, there
is such an identification by Lemma 2.36.

To show that d, o ®f = df o0 it is sufficient to show on generators. We
compute both sides. To simplify the notation, we identify between an abstract
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2.4. Independence On The Function

topological chain and its domein. This is allowed because there is only one
map from every domain in the following computations.

Let
op:P— B? S CP(BI)

We calculate ¢ 0 9y, (0p):

Now, we calculate 95, o ®F(0p). Recall that 9y, = @j-o 9. We separate the
cases j =0and j # 0.

20(0F(07)) = (17" (ip i A, é}))

j=0

— (—1yr ]2 4(P) gy M(BY, B))
+ g( 1)/ 0P xp d (M(Bi, B})) ]
_ (-~ ]20 4(P) gy M(BY, B))
+Y 1)p+bfii(_1)i+bfp x g, M(B;, B, B})
B; 1=0
— Y (=Pt Y (—1)tbip xBlM(Bl,B},B})]
B; I=j+1
_ (—1yr ]20 4(P) gy M(BY, B))
+ ) Zi( 1)P*'P xp, M(B;, B}, B})
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2.4. Independence On The Function

P+1 Z d B?, ﬁ})

m —_— A A A
+ZP>< M(B;, B),B})— Y Pxy M(B;, B, B))
I=j+1

where the sum } g runs over all critical submanifolds B; € B, If j # 0, then

1=0
Hence,
m
afl q)F 0’p Za ( )
j=0
=(-1) p+12d g M(B, B))
+ZP><B M(B;, B}, B}) - P xy M(B;, B}, B})
= I=j+1
+ Z PXBiM(Bi,Bll,B})
I=j+1
1Pt Zd x go M(B}, B})
+):pr M(B, B, BY).
Therefore

Fo(—afo)—i—aflo@F:afloQP_QFoafo :0

so ®F is a chain morphism from fy to fi.

In addition,

F 0 02

o = <ajzr0 @0 (—05) 9y, Oq)F) o

so Of is a boundary map. In particular, (C.(F),dr) is a chain complex. [
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2.4. Independence On The Function

Proof (Second Step) Let I be as in the proof of the first step and let B C M
be a critical submanifold of f. Denote by B' := B x {i} for i = 0, 1. Then for
every (x,s) € M x (0,1) we have

e_(x,s) = (x,0), ex(x,5) = (x,1)

and therefore M(B?,B') = M(B°,B') = (B x (0,1))/R = B. In addition,
for every critical submanifold B # B’ C C we have M(B’, (B')!) = @ (since
there is no flow line from B° to (B’)!). Hence for every ¢ : P — B € Cy(B)

we have o
P xp M(B%BY) =P
so 9z(¢%) = ¢! (where ¢’ = ¢ x {i} for i = 0,1). Hence 9; is the identity

morphism. O

Proof (Third Step) Let F be such a homotopy from fj to f1, G a homotopy
from fi to f> and H from fo to f. Let K: M x [—1, 3]s x [—3, 3]; — R be as
follows:

° KS,t:stor—%gtS%.
L Ks,t:thor%SSS%.
. Kst—Htfor—%gtg%.
° Ks,t:fzforggsgg.

Let ¢ : R — R be defined as g(x) = C - (2x> — 3x?) for some C > 0 (as in the
proof of the first step). For C sufficiently large, we have that:
. %—f(x,s,t) + ¢'(s) < 0 for every x,s,t € M x (0,1) x [—1, 4].

o K(x,5,t)+g(t) <O forevery x,5,t € M x [—3, 4]
)

X
Therefore, we set K : M x R x R to be K(x,s,t) + g(s) + g(t). similarly to

the first step, the critical points are
Crit(K) = Crit(fo) x (0,0) UCrit(f1) x (0,1)
U Crit(f2) x (1,0) UCrit(f2) x (1,1)
and the indices are as follows:

e If B C Crit(fp) is a critical submanifold, then B’ := B x (0,0) is a critical
submanifold of K and A%, = /\{f +2.

e If B C Crit(f1) is a critical submanifold, then B’ := B x (0,1) is a critical
submanifold of K and A%, = /\Jg1 +1.

e If B C Crit(fy) is a critical submanifold, then B’ := B x (1,0) and
B"” := B x (1,0) are critical submanifolds of K and Af, = AJ;Z +1,
AR, = AP

B B
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2.5. Homology Over A Field

As in the first step, using a little perturbation of K where either 3 < s < 2
or I <t < % we can assume that W*(B) and W*(B') intersect transversely
for every B, B C M critical submanifolds of K. Again, we can use 2.36 to
identify

Cos1(K) = Coz1(f0) & Co(f1) ® Co(f2) @ Casa(f2)-

We define dx : Co1(K) by using the first step twice, as it defines Morse-Bott
homology on homotopies. Then, dx has the matrix representation

g 0 0 0
o | —® -9, 00
K7 -o" o -3, o0

oK ¢  id 9

2

where ¢f, ®C, ®H are defined as in the first step. The first step shows that
0% = 0, which yields

PKodp — 0@ —@H +9, 00K =0

or
DX 0dp +0f, 0 @K = @Y 0 @F + H

so ®¢ o ®F and —®H are chain-homotopic, and so induce the same map on
homology (see [2, Proposition 2.12]). Since —®" and ®! clearly induce the
same map on homology, the result follows. O

2.5 Homology Over A Field

Let IF be a field. We can define the Morse-Bott complex over FF by replacing
Cr(f) with Cx(f) ® F. That is, C¢(f;F) := C(f) ® F and 0 : C¢(f;F) —
Cx—1(f;F) is defined on generators by

cRl—dr®1

and extended linearly. Since 0*(c ® 1) = 0®1 = 0, (Cx(f;F)) is indeed a
chain complex.

Theorem 2.45 Let fo, f1 : M — R be two Morse-Bott-Smale functions. Then

Hi(Co(fo;F),0) = Hi(Co(f1;F),0)
for every k € IN.

Proof The proof is identical to the proof of Theorem 2.44. ]
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2.5. Homology Over A Field

Remark 2.46 Usually, the homology over a field is derived from the homology over
Z. using the universal coefficient theorem for homology [2, Theorem 3A.3]. However,
the theorem requires the chain complex to be free, but the chain complex defined by
Definition 2.34 is not necessarily free (see Theorem 3.17 for example).

However, we can utilize the fact that the complex is the same as the Morse-Smale
chain complex if f is Morse-Smale (and, in particular, free) to show that the Morse
homology over a field is isomorphic to the singular homology. Since the homology is
independent of the function, it is true for Morse-Bott functions as well.

Theorem 2.47 Let f : M — R be Morse-Bott-Smale. Then
Hi(Cu(f:F),) = Hy(M,F)
for every k € IN.

Proof Assume first that f is Morse-Smale. In Example 2.41, we see that the
chain complex is free and so we can use the universal coefficient theorem. By
the universal coefficient theorem for homology [2, Theorem 3A.3], there is a
short exact sequence

0 — Hi(Ce(f),0) ® F = Hy(Co(f;F),0) = Tor(H,—1(Cs(f),0),IF) = 0
and this sequence splits, so

Hi(Co(f;1F),9) = (Hi(Co(f),0) @ F) @ Tor(Hy-1(Co(f), 9), F).

On the other hand, the universal coefficient theorem also applies for Hy(M),
SO
Hy(M;F) = (H(M) ® F) & Tor(H,—1(M), F).

Since Hy(Ca(f),9) = Hx(M) by Theorem 2.45, we get that Hy(Co(f;F),0) =
Hi (M TF).

If f is not Morse-Smale, there is always a Morse-Smale function g : M — R
[7, Theorem 3.1]. Since Hy(C.o(f;F),0) = Hy(Co(f;F),0) and Hy(f;F) =
Hy(g; F) by 2.45, the result follows. O

We will be mostly interested in the case where [F = Z,.

Example 2.48 Let M = T? = R?/Z? with coordinate system induced from
R? and let f : M — R be defined as f([x,y]) = — cos27x.

The critical submanifolds of f are By = {[x,y] € T? | x = 0} = S!' and
Bi={[xy] eT? | x=]} =S
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2.5. Homology Over A Field

The complex can be pictured as:

.LClBl ®ZZ*>C031 ®Zz—>0

Each row calculates calculates the homology of By = By = S'. Also,
M By, By) = M(By, By) consists of two disjoint copies of S'.

Using the metric induced from IR?, we can see that

e (o) = (Oy), e (vy) = (5,9)

for every (x,y) € T2\ Crit(f). Therefore, for every (¢ : P — By) € Cy(B1),

Pxg M (By, By) is diffeomorphic to two disjoint copies of P. Therefore d; (o)
consists of two identical maps, so d1(¢) = 0. Hence,

ZZ k:O,2
Hk(C.(f,Z2),a) =02y ®Zy; k=1
0 k+#0,1,2
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Chapter 3

Orthogonal Groups

In this chapter we compute the homology groups of SO(n) using the Morse-
Bott system developed in Chapter 2. We are going to use the Morse-Bott
function f : SO(n) — R, defined by f(X) = X, (the lower-right coordinate).
We show that the function is indeed Morse-Bott-Smale, with two critical
submanifolds, Fy and F,_;, whose indices are 0 and n — 1 respectively. Our
main result is Theorem 3.18, which gives the short exact sequence

0 — Hi(SO(2n —1)) = Hi(SO(2n)) — Hy_2,41(SO(2n —1)) — 0.
In addition, Theorem 3.23 gives the following recursive formula for the
homology groups over Z; of SO(n):
H(SO(n); Zy) = Hi(SO(n — 1); Z2) ® Hi—n11(SO(n — 1); Z2).

This recursive formula is also proved in [2, Theorem 3D.1] and [8, Section 5].
In addition, it can be derived from [18, Theorem 3].

We denote by O(n) the group of all orthogonal matrices. That is,
O(n) := {X € Myxn (R) | XX' = I,}

where M., (R) denotes all the n x n matrices over R and I, is the iden-
tity matrix. Note that O(n) is a Lie group of dimension n(n —1)/2 [29,
Example 7.27]. Using the fact that

1 = det(I,) = det(XX") = det(X) - det(X') = det(X)?,
we get that det(X) = £1 for every X € O(n). We are interested in
SO(n) ={X € O(n) | det(X) =1}

which is an open subset (and hence, a full-dimensional submanifold) of O(#n)
because det is a Lie group homomorphism.
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3.1. Linear functions on SO(n)

Let
GL(n,R) = {X € Muxn (R) | detX # 0}

be the set of all invertible matrices and let Sym(n, R) be the submanifold
of GL(n,R) consisting of all symmetric matrices. Sym(n,R) has n(n+1)/2
free coordinates and hence it is an n(n + 1) /2-dimensional submanifold of
GL(n,R). Since (AA")" = (A")' A* = AA!, we have a well-defined smooth
function

¢:GL(n,R) — Sym(n,R), y¢(X)=XxX'

and O(n) = ¢~ 1(I,). The differential of ¢ (as a function GL(n,R) —
GL(n,R)) is (using Leibniz rule)

dpx (M) = XM' + MX*
and hence for X € SO(n),
TxSO(n) = TxO(n) = kerdix = {M € M, (R) | XM"' + MX" = 0}.

In particular, T;, = {M € Mx,(R) | M + M = 0}.

We are going to use the Riemannian metric on SO(n) induced from GL(n, R).
That is, for M, N € TxSO(n),

n
<M, N> = tr(MtN) = tI‘(MNt) = Z Ml]Nl]
iji=1

3.1 Linear functions on 5O(n)

In this section, we discuss properties of linear functions on SO(n). In partic-
ular, we give a condition for their critical points and compute the gradient of
those functions. This section is based on Section 3 of [8].

We say that a function f : SO(n) — R is linear if there exists a matrix
A € Myxy so that f(X) = fa(X) = tr(A'X). The differential of a linear
function f is (using linearity of the trace)

dfx(M) = tr(A'M).

The gradient of f is

VF(X) = %(A — XA'X). (3.1)

Indeed,
X VF(X)' + VF(X) X = 1(XA' — AX') 4 L(AX' — XAY) = 0
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3.1. Linear functions on SO(n)

so Vf(X) € TxSO(n) and for every M € TxSO(n),
(VF(X), M) = tr(%(A — XA'X)'M) = %tr(AtM _ X'AX'M)

- %tr(AtM + XTAM'X) = tr(A'M) = dfx(M).

The next lemma gives us some conditions for critical points of f.
Lemma 3.1 The following are equivalent:

1. VF(X)=0

2. A'X =X'A

3. A'X is symmetric.
Proof

VAX) = %(A—XAtX) =0 < A=XA'X &= X'A=AX
This proves (1) <= (2). To see that (2) <= (3), observe that

(A'X)' = XA,

so A'X = X' A if and only if A'X is symmetric. O

Example 3.2 We consider the case A = I,. Then f(X) = tr(X) and the
critical points are the symmetric matrices in SO(n).

Example 3.3 Let A be a diagonal matrix with n distinct eigenvalues. That is,
Ajj=0and Aj;; # Ajjif i # j. Then, for every X € SO(n),

n
E (At)ik Xyj = AiiXij.
k=1

(Ax),

and similarly,
n

(XA); = kzl (X) i Ak = XijAjj.
In particular, if X € Crit(f), then using the above lemma, AiiXij = XijAjj
for every 1 < i,j < n. This implies that X;; = 0 if i # j (since A; # Aj)).
Therefore, the set of critical points is
Crit(f) = {X € SO(n) | X;; = £1 forevery 1 <i < j}
which is an discrete subset of SO(n). It can be shown that f is a Morse
function [18, Lemma 3] and that
#Crity (f) = rankHy(f; Z>)

for every k > 0. Therefore, the mod 2 homology of SO(n) can be computed
using this f [18, Theorem 3]. We later show another way to compute these
homology groups (Theorem 3.23).
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3.2. Mapping Cone

3.2 Mapping Cone

In this section we recall the construction of a mapping cone of two chain
complexes (see Chapter 10 of [30] for a reference). Let Co = (C,,dc) and
D, = (D.,dp) be chain complexes and ¢ : C, — D, be a map of chain
complexes (i.e. ¢ odc = dp o ¢@). The mapping cone of ¢ is the chain
complex, cone, = (Co_1 @ D,,0) where

d(c,d) = (—dcc,dpd — ¢(c)).
Lemma 3.4 cone, is a chain complex (i.e. 9* : cone, — cone,_» is the zero map).
Proof

0*(c,d) = d(dcc,dpd — ¢(c)) = (3%c,9Hd — Ipg(c) — @(dcc)).
Since 92 (c) = 0, 9%(d) = 0 and dpg(c) — ¢(dcc) = 0, we have 9*(c,d) = 0.0
Using the fact that cone is also a chain complex, we get that
0 — Dy LN coney i) Ci1—0 (3.2)

(where i(d) = (0,d) and j(c,d) = —c) is a short exact sequence (SES). We
claim that the following diagram is commutative:

ap ) —dc

0 Dy : coney Cr_1 0
9p ) —dc

0 —— Dy 4 — conep_; Cr_n 0
dp ) —dc

Indeed, d 0i(d) = (0,0pd) = iodpd and
jod(c,d) =j(—dcc,dpd — ¢(c)) = dcc = —dc o j(c, d).

Thus, Equation 3.2 is also an SES of chain complexes. By Theorem [2,
Theorem 2.16], an SES of chain complexes can be extended to a long exact
sequence (LES) of homology:

— Hi1(D) — Hipi(cone) — Hy(C) & Hy(D) —

where J, : H(C) — H(D) is the connecting homomorphism.
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Lemma 3.5 J, = ¢, : H(C) — Hy(D)
Proof Let [c] € Hi(C). Then j.([—c,0]) = [c], and

9:([—c,0]) = [~dcc, p(c)] = [0, p(c)].

Now, ¢(c) is a cycle because c is a cycle, so [¢(c)] € Hy(D). Hence, by the
definition of J, in [2, Theorem 2.16],

5:([e]) = lo(e)] = ¢« (c). O

3.2.1 Simple Morse-Bott Functions

Let (M, g) be a closed m-dimensional Riemannian manifold and f : M — R
a Morse-Bott function. We say that f is simple if f has exactly two critical
submanifolds, Fy and F, of indices 0 and n respectively (note that there is
always a submanifold of index 0, as f always has global minima).

Since W*(E), the stable manifold of Fy, is full dimensional, W*(Fy) and W"(x)
intersect transversely for every x € F,_1, and hence (f, X) is a Morse-Bott-
Smale pair for every pseudo-gradient X (and in particular, for X = —Vf).

The complex of a simple Morse-Bott function f can be pictured as follows:

.%ck (E,) % c0 Fn % 49

9

~*>Ck+n *>Cn 1(F0) —_— ...
| | |
L Cnlf) =2 25 Culf) =2 Cua(f) —2 ..

The chain complex (C.(F,),9p) in the top row is identical up to a sign
(—1)" to the smooth singular N-cube chain complex, (SP(F,)/Dg(F,),d),
as defined in Subsection 2.2.3. Hence,

Hi(Co(Fy),90) = Hi(Fy)

and similarly,
Hi(Ca(F),90) = Hy(Fp).

Let 0 € Ci(F,). By Lemma 2.31,
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3.3. A Morse-Bott function on SO(n)

Therefore, if we define 9y := —d; : Cx(Fy) — Cr_1(Fy), we get that
an 9] é}] - aO Oan . Ck(Fn) — Ck+n_1(P0).

Thus, B
9t (CoFa), ) = (Carn-a(Fo), 20)

is a chain map. Define the mapping cone
cone := cone(dy) = Ce_p11(Fy) @ Co(Fp).
In this case, Co = Co_y+1(Fn), Do = Co(Fy) and ¢ = —0d,, Note that

cone, = Co_y+1(Fy) ® Co(Fo) = Co(f).

The map
Ocone : CONEy —> CONEq_1

is defined on generators by

dcone(0p,00) = (—300p, do0q + dn0p) = (J00p, do0g + In0p)

and extended linearly. The boundary operator dcone has the same definition
as 0 : Co(f) = Co—1(f) and hence dcone = 9. Therefore,

Hi(cone, dcone) = Hi(Ca(f),9)
and since Hy(C,(f),0) = Hx(M) by Theorem 2.44,

Hi(cone, dcone) = Hi(M).

Hence, we get the long exact sequence

o+ = Hi(Fo) = Hu(M) = Hi o(F) 25 He (R) = - (33)

3.3 A Morse-Bott function on SO(n)

In this section we look at the function f : SO(n) — R defined by f(X) = Xun
(the lower-right entry of X). To show that f is Morse-Bott, we write f = poh
where p : SO(n — 1) — S"~1 is the projection to the bottom row

p(X) = (anr- . -/Xnn)

and /i : S"~! — R is the height function h(x1,...,x,) = x,. It is well-known
that h is Morse, and p is a submersion. The next lemma states that the
composition is Morse-Bott.
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3.3. A Morse-Bott function on SO(n)

Lemma 3.6 Let M, N be manifolds of dimension m and n respectively. Let g :
M — N be a submersion and h : N — R a Morse function. Then the composition
f=goh: M — R is Morse-Bott.

Proof First, note that every x € N is a regular value of g. In particular, critical
points of h are regular values of g. Therefore, B := ¢~ !(x) is a submanifold
for every critical point x € N of h.

Let p € B. By the rank theorem [29, Theorem 4.12] there is a chart (U, ¢) for
M centered at p € M and a chart (V, ¢) for N centered at g(p) so that g has
a coordinate representation of the form

e(x1, .o, Xy Xm) = (X1, .0, Xn).

Hence
dfy = dgp - dhg(p) = (dhg(p), O (m—m))
and ) d
TyB = Span{axn+1""'m} '
Therefore,
Hess, (f) = <Hessg0(p) . O(mn)ox (mn)> .
and

d d
vyB = span a—xl,...,axn .
Therefore, the normal Hessian of f at p is

Hess), (f) = (Hess,(,) (1)) -

which is non-degenerate because Hess, ;) (h) is non-degenerate. Therefore, f
is Morse-Bott. O

Using Equation 3.1, we can write the V f(X) explicitly:

_Xlanl R _Xlan,n—l _Xlann
VF(X) = 1 : : :
2 _Xn—l,anl s _Xn—l,an,n—l _Xn—l,ann
_Xnanl v _Xnan,n—l 1-— Xnann

The next step is to find all critical points of f.

Lemma 3.7 X € Crit(f) if and only if X, = £1.
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3.3. A Morse-Bott function on SO(n)

Proof If X € Crit(f), then (Vf(X)),, = 1 — X2, = 0. Therefore X,n = +1.

On the other hand, if X,, = +£1, then Y}, Xizn > X,Zm = 1. But since
X € SO(n), Y}-4 X2, = 1. Hence X;, = 0 if i # n. Similarly, X,; = 0if i # n.
Therefore, (Vf(X)); = 0if (i,j) # (n,n) and (Vf(X)),, =1 - X3, = 0.
Hence, X € Crit(f). O

Using the above lemma, we can see that f has two critical submanifolds. Let
Fp={X € SO(n) | Xyy = -1} and F, 1 = {X € SO(n) | Xy, = 1}. The
map i : SO(n — 1) — F,_; defined by

= (5

is a diffeomorphism. Similarly, we can define a diffeomorphism

j:1S0(n—1) =K

by
—X11 ... _Xl,n—l 0
X ce X2,n71 0
j(X) = P : :
Xpc1g oo Xp—ip-1 O
0 0 -1

Therefore, Fy = F,_1 =2 SO(n —1).
Since f(X) € [—1,1], the index of F is 0. The index of F,_; equals to

dim(SO(n)) — dim(F,_1) = ”(”2_ D _(n= 1)2(” =2 -1

Let X € SO(n). Since
lim f(gi(X)) = F1

t—+oo

and f is strictly decreasing along flow lines, there exists a unique t € R so
that f(¢:(X)) = 0. In addition, the only moduli space is M (F,_1, Fy) and so
there are no broken flow lines. Therefore, we can identify

M = M(Pnfl,lzo) = M(anl,Po) = {X S SO(?’I) | Xun = O}

The groups Ci(f) in the chain complex Co(f), 0 are

Cx(Fo) k<n-—1

()= {Ck(PO) © Cr_pp1(Fio1) k>n—1
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3.3. A Morse-Bott function on SO(n)

and the complex can be pictured as follows:

O G (Bat) 2 2 Co(Fay) — 2 0

an—l @ an—l a;171 @ an,l @
3 3 3 ? 3
= Crn1(Fo) =70 = Cuo1(R) = Cua(R) —

The next result follows from the mapping cone.

Proposition 3.8 If k < n — 2 then
Hi(SO(n)) = Hi(SO(n - 1))
and if k > dim(SO(n — 1)) + 1 then
Hi(SO(n)) = Hy_n11(SO(n — 1))
Proof If k < n — 2 then
Hi_py1(Fi-1) = Hy—ny2(Fu-1) = 0.
Using Equation 3.3, we have the exact sequence
0 — Hi(SO(n)) = Hi(Fy) — 0

and therefore Hy(SO(n)) = Hi(Fy) = H(SO(n —1)).

If k > dim(SO(n — 1)) + 1 then Hy(Fy) = Hyy1(Fo) = 0.Therefore, we have
the exact sequence

0 — Hi—pt1(Fa1) = Hk(SO(n)) — 0
and so H(SO(n)) = Hy—n+1(Fo) = Hg—n11(SO(n — 1)). O
The next lemma gives an explicit formula for the flow of X € M:

Lemma 3.9 Let X € M. Then

— tanh(%) i=n
X;; , , . .
Pi(X)ij = Coshé%) i=nj#norj=mni#n

Xl']' — X,‘an]' tanh (%) i#n #]
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3.3. A Morse-Bott function on SO(n)

Proof We are going to solve the ODE

L 0i(X) = ~V(X)

as a flow of a vector field in GL(n,R) D SO(n).

Observe that p .
@) = 5 (903, — 1),

which is independent of the other coordinates. Solving the ODE with the
initial condition @o(X)un = 0 yields ¢¢(X)un = — tanh (§).

The next thing is to find ¢;(X);; where i = n,j # n or j = n,i # n. The ODE
in this case is

%(q)f(x)i]’) = _%q)t(x)nn(l)t(x)i]’ = %q)t(X)i]-tanh (;)

with the initial condition ¢o(X);; = X;; and so the solution is

X

@t(X)ij = m-

If i # n # j, then

d 1 Xianj
— X)) == — X))o (X)) = ——————
dt(¢t< )]) 5 @1 (X)in@t(X) j 7 cosh? (%)

and ¢o(X);; = X;j. Integrating yields ¢¢(X);; = X;j — Xj X,,j tanh (%) O

In particular, we have a very nice formula for the beginning map

e : M — F,4
from Theorem 2.5:
X11 — X12 Xim - X1n—1 — X1nXnn—1 0
e (X) = s s s
anl,l - anl,anl oo Xnfl,nfl - anl,an,nfl 0
0 .. 0 1

Using this explicit formula for the flow ¢;(X), we can also characterize the
moduli space M = M(F,_1, F).

Lemma 3.10 The map i : M — F, 1 x S"~2 given by

P(X) = (e (X), Xiny -+, Xn—11))

is a diffeomorphism.
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3.3. A Morse-Bott function on SO(n)

Proof First, e_ is smooth by Theorem 2.5 so 1 is smooth. Let
YeF, 1= SO(?Z — 1)

and v = (v1,...,0,_1) € R*"1. We claim that ¢ is a bijection and

Y11 — 0wy cer Yip1 — 01wy (1
1 _ : :
p (Y, 0) =
Y11 —0p1w1 ... Yy 1p-1— Up1Wu—1 Up_1
—wn cos —Wy—1 0

where w = v-Y (i.e. wj = Y} 7 Yijvx). Multiplying both sides by Y* = Y1
yields v = wY! (so v; = Y2 Yywy).

Indeed, direct calculation gives that

(poyp™")(Y,v) = (Y,0)
and
P (X)) = X,
It remains to show that X = ¥~ 1(Y,v) € SO(n). We first show that XX = I.
First, since v € §" 2, w = vY! € S"2 and hence

n—1
(XX = [; w? =1,
]:

If i < n, then

n—1
(XXt)in = (XXt)m' = E(sz — ink) W =0 —0; = 0.
k=1
If i # n # j then
n—1
(XXH)ij =Y (Yie — viwe) (Vi — vjwy) + 00
k=1

n—1
= Y (YaYjr — Yaxwyvj — Yjaogo; + 00w3)
k=1
= (51] - 20,‘2)]' -+ 27)1'7)]‘ = (51]
Hence, XX! = I and so X € O(n). Since ¥~ !(F,_1) is connected and

Y1 (Fio1) NSO(n 1) # @,

we get that X € SO(n). Hence, ¢ is a bijection M — F, 1 x S"~2. Since
and ¢! are smooth, ¢ is a diffeomorphism. O
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3.3. A Morse-Bott function on SO(n)

Corollary 3.11 For every op € S (F,_1), the map yp : P xp, , M — P x §"72
given by
ll)(xl X) = (x/ (Xlnl ey anl,n))

is a diffeomorphism.

Proof Recall that

Pxp M={(x,X)ePxM]|op(x)=e_(X)}
={(x (X)) | (x,X) € Px M, op(x) = e (X)}.

Now, ¢(X) = (e—(X), (X1n,- .., Xu—1,)) and e_(X) is uniquely determined
by op(x). Therefore,

Pxr, , M2 {(x,9(X) | (1,X) € Px M, op(x) = e_(X)}
={(x, X1p-- o, Xn—in)) | (0, X) € Px M, op(x) =e_(X)}.
U

We are now going to find a symmetry on SO(#n) that is invariant under the
beginning and endpoint maps. More precisely, for every X € SO(n) \ Crit(f)
we find X # X € SO(n) \ Crit(f) such that X = X and

er(X) = er(X), e (X)=e_(X).
Definition 3.12 Let X € SO(n). We can write X as
X — <LI v>
w X
where U € M,,_1([-1,1]), o', w € [-1,1]""}, x € [-1,1] and define
= ( u ‘7’>
—w X
Lemma 3.13 Let X € SO(n). Then X € SO(n).

Proof First, det(X) = det(X) = 1 since a row and a column are multiplied
by —1. It remains to show that XXt = I. Indeed,

Mk XaXjp =0 iLjFnori=j=n,
‘ — Y1 XaXjr =0 else. O

Lemma 3.14 ¢ (X) = e_(X) and e, (X) = e, (X).
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3.3. A Morse-Bott function on SO(n)

Proof Let ¢; be the flow of —V f and write

w0 = (0 )

wr Xt
Since
_Xlnxnl v _Xlnf(n,n—l _Xlnxnn
- 1 : - : :
Vi) ==| _ * _ S
_Xrl—l,ranl o _Xri—l,rLXn,n—l _anl,nz(nn
_Xnanl oo _Xnan,nfl 1— Xnann
_Xlanl oo _Xlan,nfl Xlnxnn
1 : 3 : : —
=3l o =T
_Xn—l,anl oo _Xn—l,an,n—l Xn—l,ann
Xnanl o Xnan,nfl 1— Xnann
we get that ¢;(X) = ¢¢(X). That is,
o\ Ut — Ut
= (1 0.
Using the fact that
tLH:POO X = :F1’
we get that lim; 40 vy = limy_, 1o wy = 0 and the result follows. ]

Corollary 3.15 Let op : P — F,_1 be a singular Cp-space. Let
(x,X)ePxp, , M={(x,X)ePxM|op(x) =e_(X)}.
Then (x,X) € P xp,_, M.

Let X € M, and write ¢(X) = (Y,v) € F,_1 x §"2. Then ¢(X) = (Y, —0).
This means that

v (v7000)) = (v, -0,

Using the above lemma, e has a factorization
e M S F 1 xS"2 5 F,_1 xRP"2 = F,
The next lemma provides a powerful tool to show that the map

(anfl)* : Hp(anl) — Hp+n—2(F0)

is the zero map in some cases.
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3.3. A Morse-Bott function on SO(n)

Lemma 3.16 Let 0} : P — F, 1 be singular C,-spaces and let 0 := Y nyoy €
Cp(Fy—1) be a cycle. Then there exists a p-dimensional CW-complex P', a smooth
singular chain in o' € Spin_o(P' x $"72) and a map

(x,0)= (x[0])

@:P x 82 P x RP"? — F

so that
On-1(0) — ¢ (¢') € DYy o (Fo)-

Proof Let 0} : Px — F,_1 be singular C,-spaces and let ) ; nop, € S;"(Fn,l)
be a cycle. The process described in [2, Pages 108-109] can be applied
analoguously for p-faces of IV, giving a CW-complex P’ consists of p-faces
glued along parts of the boundary, a singular cycle Y, 7,0}, € S,(P’) and a
continuous map ¢ : P’ — F,_; such that

Y m(Eoop) =) oy
k k

Note: Hatcher’s book uses simplices for singular homology, so the process
yields a p-dimensional simplicial complex. We use cubes, so applying the
analoguous process yields a p-dimensional CW-complex.

Let R := P’ xf, , M = P' x §"~2 and define
og: P’ Xp,_, M 2 M5 K.

For every k, write Ry = Py X, , M. Then 9,_1(0%) = 0g, : Ry = Fy is the
map

7T e
O'Ripk XFn—lM —2>M —+>F0.

By Lemma 2.36, for every k there is a smooth singular chain }_,, 14,04, €
Sp+n—2(R) such that

OR, — Znﬂék (URk o Uﬂék) € D;OJran(FO)'

Xk

' Xid
Since Ry & P, x S""2 and R = P’ x §"2, one can identify Ry ‘M R and

S0 Or|g, = ORr,. Therefore, we have a smooth singular chain
Ry k

2 <nk Zn“ko-“k> € Spin—2(R)

k QX

such that

anURk - Z (”k En“k (or © Uﬂk)) S D;oao+n—2(P0)
k

k (193
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3.3. A Morse-Bott function on SO(n)

which means
On-1 (Em@) — (or), (Z”k Z”m%) € Dy y—o(Fo).
k k Kk

Now, because the map X ~ X corresponds to the mapping to the map
(x,0) = (x,—v) in R P x §"~2, and since e (X) = e; (X),

or(x,v) = or(x, —0).
Hence, o has a factorization
og: P x 58" 2 - P xRP" 2 > F
and we complete the proof by taking ¢ = or. O

Note: Although the Morse-Bott homology is defined only on compact oriented
manifolds, the singular N-cube homology is defined on every manifold, and
in particular, non-orientable manifolds.

3.3.1 Homology Groups Of SO(2n)

In this subsection we focus on the even case, which is easier using the fact
that the map from S$' to S** which sends x — —x is orientation reversing.

Theorem 3.17 For 0 < k < W, the map

0211+ 024-1 : Cr(F2an—1) = Ciqon—2(Fo)
is the zero map.

Proof Let R := P xf,, , M € Ciy2,— and let og : R — Fy be the correspond-
ing element in Cy,2, 2(F). Since R & P x $?"~2 by Corollary 3.11, the map
a : R — R given by

a(Y,v) =(Y,—0)

is an orientation-reversing diffeomorphism on R because the map v — —v is
orientation reversing on $%'2.

Let X = ¢~ 1(Y,v). Then X = ¢ (Y, —v) = ¢! (a(Y,0)). Since
or(X) = or(X),
we get that og o = 0.

Write d(R) = };n;R;. Then (using the notations of Definition 2.34)

800'12 on = (—1)k+2n722ﬂj (UR ozx) tx*l(Rj) = (—1)kzanj = aoo'R.
i j
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3.3. A Morse-Bott function on SO(n)

Therefore, dgor © & = doog. By condition (3) of degeneracy in Definition 2.34,
we get that o + 0 € D;"(Fo) and thus

(02n—1+ 924-1)(P) = 0or +0Rr € D;’f’(PO).

Since Cry24-1(Fo) = S0, 2 (F0)/ Dy, (Fo) we get the result. O

In addition, using Lemma 3.16 and the long exact sequence in 3.3, we can get
a short exact sequence on homology in the even case:

Theorem 3.18 For every k € IN there is a short exact sequence

0 — Hi(SO(2n —1)) LN H(SO(2n)) LN Hi 2,+1(SO(2n—1)) -0 (3.4)
where i, and j. are the maps from the mapping cone.

Proof Let o € Cy(F,—1) be a cycle. By Lemma 3.16, there is a p-dimensional
CW-complex P/, a map

@:P' x8"? 5 PxRP* 2 5 F
and a smooth singular chain ¢’ € Sj;2,2(P" X §%"=2) such that
d2n-1(0) — pu(0’) € D;o+2n—2(F0)-
By Kiinneth formula [2, Theorem 3B.6] there is a short exact sequence
0= P Hi(P') ® Hysonr—i(RP™2) = Hyiop—2(P' x RP*2)
i

— @Tor(H,-(P/),Hp+2n73—i(]RP2n_2)) — 0.
i

Now, since P’ is a p-dimensional CW-complex, Hyx(P') = 0 for k > p. In
addition, Hy(RP?"~2) = 0 for every k > 2n — 2, as it is a non-orientable
(2n — 2)-dimensional manifold. Therefore H;(P') ® Hp2y—»—i(RP?*"~2) =0
for every i. In addition, the only possible i for which both H;(P’) # 0 and
Hp+2n_3_l'(1RP2n72) 7é Oisi = p.

Moreover, H,(P’) has no torsion because there are no (p + 1)-cells, and hence
([2, Proposition 3A.5]),

Tor(H,(P), Hay—3(RP*"~%)) =0

Thus, Hpiy—2(P x RP?"72) = 0. The map ¢ : P’ x 5”2 — F; induces a map
on homology

@« Hppona(P' x S"2) = Hpyon—2(P' x RP""%) = Hyion—2(Fo).
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3.3. A Morse-Bott function on SO(n)

Since Hp 12, 2(P' x RP"2) = 0, ¢, is the zero map. Therefore,

0. ([]) =0 € Hyyana(Ro)
and since
021-1(0) — ¢:(0”) € Dpy_2(Fo),
also [02,—1(0)] =0 € Hp12,2(Fo). Hence,
(02n-1)+ : Hy(Fou—1) = Hp120—2(Fo)
is the zero map.

Recall the long exact sequence 3.3:

(921-1), (921-1),

Hi(Fo) 25 Hi(M) 25 Hy g1 (Fan1) ——25 Hy (Fo) — - -

Then (92,-1), = 0. This means that
i, : Hy(SO(2n — 1)) — Hi(SO(2n))
is injective and
jx : H(SO(2n)) = Hi—24+1(SO(n — 1))

is surjective. Hence, the sequence

0 — Hy(Fo) = He(M) &5 Hi gy11(Fon1) — 0

is exact. Since Fy = F,-1 = SO(2n —1) and M = SO(2n), the result
follows. O

Corollary 3.19 If Hy_5,.1(SO(2n — 1)) is free, then

H(SO(2n)) = Hi(SO(2n — 1)) @ Hi-2041(SO(2n — 1)).

In particular,

Hzn_l(SO(Zﬂ)) = Hzn_l(SO(ZTZ — 1)) ¢ Z.

We need the following simple lemma for the corollary:

Lemma 3.20 Let '
0A—-BLCc=o0

be a short exact sequence of R-modules. Assume that C is a free R-module. Then the
sequence splits, that is, B= A ® C.
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3.3. A Morse-Bott function on SO(n)

Proof Let {c;}ic; be a basis for C. Define s : C — B by s(c;) = b; € j7(c;)
(j~'(c;) is not empty because j is surjective) for every i € I and extend
linearly. Then jos: C — C is the identity map, so the sequence splits by [2,
Splitting Lemmal]. O

Proof (proof of 3.19) If Hy_5,.1(SO(n — 1)) is free then the SES splits.
In addition, Hy(SO(2n — 1)) = Z because SO(2n — 1) is connected. Hence,

Han_1(SO(21)) = Hpy_1(SO(2n — 1)) @ Z. 0

Example 3.21 Let M = SO(4). Since SO(3) = RP? [2, Pages 293-294], its
homology groups are:

Z k=03
0 else

By Proposition 3.8, Hi(SO(4)) = Hi(SO(3)) for k < 2 and Hi(SO(4)) =
Hy 3(SO(3)) for k > 4. Therefore, the only remaining case is k = 3. By
Theorem 3.18, there is a short exact sequence

0 — H3(SO(3)) = Hs(SO(4)) L5 Ho(SO(3)) — 0
and since Hy(SO(3)) = H3(SO(3)) = Z, Hy(SO(3)) is free and by Corollary
3.19,

H3(SO(4)) = H3(SO(3)) & He(SO(3)) = Z & Z.

Therefore, the homology groups of SO(4) are:

Z. k=0,6
Z> k=1,4

HSOW) =170z k=3 °
0 else

3.3.2 Homology Over Z;

The long exact sequence of homology in 3.3 can be obtained the same way
also over Z,:

an— * »
. Bu-t), Hy(Fo; Z2) = He(M; Zs)

'* (an— *
L Hy o (Fi o) EVN Hy 1(Fo; Zy) — - - -
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In our case, M = SO(n) and Fy = F,_1 = SO(n — 1). Hence, we can write
the following exact sequence as follows:

2 B (SO(n —1):2) 5 H(SO(n); Z2)

j_*> Hk—n(Fn}ZZ) M) Hk_l(SO(Tl — 1),22) .

Similarly to Theorem 3.18, we can derive an SES for homology over Z:
Theorem 3.22 For every k € IN there is a short exact sequence
0 — Hi(SO(n —1); Z5) 2 Hy(SO(n); Z2) L5 Hy_41(SO(n —1); Z5) — 0

(3.5
where i, and j. are the maps from the mapping cone.

Proof Let o € Cy(F,_1) be a cycle. By Lemma 3.16, there is a p-dimensional
CW-complex P/, a map

¢:P x§"2 o)l b gpr-2 y Fy

and a smooth singular chain ¢’ € S,1,_»(P" x §"2) such that

9n-1(0) = ¢(0”) € Dy (Fo).

By Kiinneth formula for coefficients in a field [2, Corollary 3B.7], there is an
isomorphism

h: @Hi(P/} ZZ) ® Hp—&-n—z—i(Sniz)ZZ) - Hp+n72<P/ X Sniz; ZZ)-

1

Since
Hy(P';Z,3) =0

for every k > p and
Hy(S"%,Z,) =0

for every k > n — 2, we get that
Hy(P';Z5) ® Hy—2(S"%Zs) = Hpsno(P' x S"%Z,).
Similarly,
H,(P';Z5) ® Hy—»(RP""?,Z5) & Hy1y_o(P' x RP""%2Z5).
The map ¢ : "2 — RP"~2 defined by &(v) = [v] has degree 0 mod 2, and
hence

& Hy 2(S8"%) — H, »(RP"?)
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3.3. A Morse-Bott function on SO(n)

is the zero map. Using the isomorphisms from Kiinneth formula, the map
(id x &)s : Hy(P';Zs) ® Hy—»(S""%Zs) — Hy(P';Z5) ® Hy—»(RP" %, Z,)

is also the zero map. Since ¢, can be written as ¢, = (id X §).¢., ¢, is the
zero map as well.

Since 9,-1(0) — ¢«(0’) € DR, »(Fo),
(On-1), (0) = (') =0 € Hprn2(Fo; Z2)
0 (0n-1), : Hy(Fy—1;Z2) — Hpyn—2(Fy, Z2) is the zero map.

We have the long exact sequence

O g (SO(n —1);Z2) = H(SO(n); Z2)

L, Hy_(Fu; Z5) SN Hy 1(SO(n—1);Zy) — - - - .

Therefore, the map
ix : H(SO(n —1)) — Hi(SO(n))
is injective and the map
j« t Hi(SO(n)) — Hy_y41(SO(n — 1))

is surjective. Hence, the sequence

0 — Hy(SO(n —1);Z2) = Hi(SO(n); Z2) 1 Hy i1 (SO(n —1); Z5) — 0
is exact. O

Now, Hy_,11(SO(n —1);Z,) is a vector field over Z,, so it is a free Z;-
module. Using Lemma 3.20, we get:

Theorem 3.23

Hk(SO(VI);Zz) = Hk<SO(Tl - 1);22) & Hk_n+1(SO<7’l - 1),‘22).

This theorem is already known. The proof here is very similar to the one
in [8, Section 5], where they used the same Morse-Bott function but with
different system. There is a proof using cell structure in Hatcher’s book [2,
Theorem 3D.1], and it can be also derived from 3.3 using [18, Theorem 3].
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